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Abstract
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across firms. The model highlights the intricate relationship between capital misallo-
cation and growth. Absent externalities, market frictions worsen capital misallocation
and hinder growth. When brokers are perfect monopolists, vanishing search frictions
eliminate capital misallocation but leave growth inefficiently low. With learning-by-
doing externalities, reducing frictions lowers misallocation but has nonmonotonic ef-
fects on growth and welfare. With entry, higher dealer’s bargaining power can reduce
misallocation and growth.
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1 Introduction

The accumulation and allocation of capital are fundamental in explaining output levels and
growth rates. In textbook models, capital goods are efficiently traded in Walrasian markets
and optimally distributed across firms to maximize output. In practice, however, capital
is continually reallocated from downsizing or exiting firms to those entering or expanding,
and this process, which accounts for one-third of total capital expenditures (Cui, 2022),
is far from seamless (e.g., Ramey and Shapiro, 2001). Indeed, the secondary markets for
capital goods, where capital reallocation takes place, share many of the same frictions as
those that plague over-the-counter (OTC) financial asset markets: they are decentralized,
fragmented, and subject to significant delays.! On Surplus Record, a leading directory for
used machinery and industrial equipment, the turnover rate for the most popular machines
(the ratio of removed listings to total listings) ranges from 5% to 10% per month. Similarly,
on MachineryTrader, a platform for buying and selling construction equipment, monthly
turnover rates range from 5% to 30%. 2 Moreover, the reallocation process is facilitated by
dealers and brokers, who typically possess significant market power to determine prices.?
The objective of this paper is to develop a parsimonious and tractable model of endoge-
nous growth with firm heterogeneity that rigorously incorporates the microstructure of the
capital goods market and its frictional nature. The paper explores the intricate relationship
between capital reallocation and economic growth by addressing the following questions:
How do misallocation and growth correlate across economies with different capital market
structures? Do market frictions that exacerbate capital misallocation necessarily hinder long-
term growth? If financial markets are efficient, how do frictions in the market for physical
capital affect the rate of return on financial claims relative to capital productivity? Finally,
what would be the welfare gains from eliminating frictions in secondary capital markets?
The benchmark model depicts an economy with firms operating technologies that feature
a constant marginal product of capital. They differ in their idiosyncratic productivities,

which evolve stochastically over time. Households own financial claims (e.g., equity shares),

!The importance of search frictions in the market for used capital is discussed, for instance, by Ramey and
Shapiro (2001) in the context of the aerospace industry. The role of secondary markets for capital goods has
also been highlighted by the supply chain disruptions of the 2020-21 pandemic (Darmouni and Sutherland,
2024).

2] thank Tom Scanlan, the director at Surplus Record, and Eric Korth, from MachineryTrader, for
providing me with this data.

3Gavazza (2016) mentions the presence of independent brokers to match buyers and sellers in the market
for commercial aircrafts and argues that “intermediaries play an important role in mediating transactions.
Most intermediaries operate as brokers who match buyers and sellers.” The magazine Surplus Record in its
edition of November 2024 (pages 7 to 14) provides a list of machinery and equipment dealers/brokers for
different states in the US.



while firms own and manage the capital they operate with the goal of maximizing their
market value. Capital is traded in a frictional dealer market, as formalized in the literature
on OTC markets (e.g., Duffie, Garleanu, and Pedersen, 2005; Lagos and Rocheteau, 2009).
In this setup, firms negotiate with brokers the terms at which they buy or sell capital.
Brokers form a frictionless network and trade competitively among themselves.

The model admits a unique balanced-growth path equilibrium, which features two forms
of misallocation: static and dynamic. Static misallocation occurs when aggregate output, or
total factor productivity (TFP), falls below its first-best level (Y < Y™*), given the capital
stock. It is due primarily to search frictions that cause some capital to remain with low-
productivity firms in equilibrium even though it is optimal for all capital to be operated by
high-productivity firms. The extent of this misallocation depends on the search technology,
the frequency of idiosyncratic productivity shocks, and the endogenous capital growth rate.
Higher growth reduces misallocation because newly produced capital is entirely allocated
to the most productive firms, whereas some of the old capital remains with less productive
firms.

Dynamic misallocation arises when the output growth rate is below its first-best level
(9 < g*). It occurs when the equilibrium real interest rate is lower than the marginal product
of capital at the most productive firms. The gap between the real interest rate and its friction-
less value, referred to as the illiquidity discount, stems from search frictions and the inability
to instantly reallocate capital when firms experience negative productivity shocks—the same
frictions generating static misallocation. In addition, the illiquidity discount increases with
the bargaining power of dealers due to an intertemporal holdup problem. I show that when
search frictions are small but dealer’s bargaining power is high, the rate of return of financial
claims is less than the average productivity of capital, which can help explain why some
countries experience low growth rates despite a high productivity of their capital.

Misallocation is defined relative to a first-best outcome without market frictions. How-
ever, because search frictions are features of the environment that are largely inescapable
for the policymaker, I also compare the equilibrium allocation to the solution of a social
planner’s problem under the same technological constraints faced by brokers. I show that
the constrained-efficient allocation coincides with the decentralized equilibrium when brokers
possess zero bargaining power.

Finally, I examine how misallocation evolves as search frictions disappear. This limiting
case can be interpreted as the market shifting to online platforms and becoming less seg-
mented. If brokers lack full bargaining power, the equilibrium converges to the Walrasian

equilibrium of the textbook AK model, where "A" represents the productivity of the most



efficient firms. Thus, as search frictions vanish, both static and dynamic misallocation dis-
appear. However, when brokers are perfect monopolists with complete information and full
bargaining power, the real interest rate remains inefficiently low, below the productivity of
capital. In that case, static misallocation vanishes, but dynamic misallocation persists.

In the second part of the paper, given its focus on the market for capital goods and
growth, I link knowledge creation to capital accumulation, following Arrow (1962), Frankel
(1962), and Romer (1986). As firms install new capital, they gain experience in operating
it and discover ways to produce more efficiently. This experience, represented by cumulated
investment, is nonrival and generates spillovers across firms. At the frictionless compet-
itive equilibrium, although capital is allocated efficiently across firms, the rate of capital
accumulation remains inefficiently low.

When the capital market is frictional, firms encounter a holdup problem because they
must frequently adjust their capital, through brokers or dealers, due to idiosyncratic shocks
and aggregate productivity growth. To mitigate exposure to this holdup problem, firms adopt
an optimal strategy that worsens static misallocation but alleviates dynamic misallocation.
To see why it worsens static misallocation, note that in order to minimize their need to trade
amid idiosyncratic shocks, firms hedge by selecting a capital level aligned with their average
productivity over time. High-productivity firms reduce their desired capital holdings as
frictions rise, whereas low-productivity firms increase theirs. Consequently, in equilibrium,
an excessively large share of the capital stock is allocated to the least productive firms,
whereas the most productive firms receive an insufficient share of the overall capital stock.

At the same time, to counteract the holdup problem from rising aggregate productivity,
firms frontload capital acquisitions. This strategy partially offsets the learning-by-doing
externality and can reduce dynamic misallocation. As a result of these opposing forces—the
hedging and the frontloading—the real interest rate and the economy’s growth rate can vary
non-monotonically with search frictions and the bargaining power of brokers. In certain
cases—such as when brokers have high bargaining power and idiosyncratic productivity risk
is low—greater market frictions can boost economic growth, even exceeding the Walrasian
equilibrium. Since market frictions impact static and dynamic misallocations in opposite
ways, their overall effect on welfare can be positive or negative, e.g., if the idiosyncratic
productivity risk is small, high broker’s bargaining power raises welfare. In a calibrated
version of the model, removing all search frictions worsens society’s welfare.

In the final part of the paper, I provide yet another example of the complex relationship
between misallocation and growth. I endogenize the capital market structure by providing

microfoundations for search frictions. While more bargaining power to dealers can speed up



reallocation and reduce misallocation, it may also lower the rate of return of financial wealth

and the economy’s growth rate.

1.1 A brief history of the secondary market for capital goods

The production of capital goods, such as machinery and heavy equipment, was pivotal to the
growth of the U.S. economy during the 19th and 20th centuries (Rosenberg, 1963). The rapid
evolution of machines gave rise to a market for used machinery. Entrepreneurs, inspired by
the junkyard industry, sought out discarded or damaged machines, repaired and repurposed
them, and sold them for profit.* According to Graff (2002),

“As the United States industrialized in the 1920’s and 1930’s, a need grew
for some kind of distribution of cheap machine tools for companies that needed
equipment quickly, cheaply, or both. Enter the entrepreneurs who saw opportu-

nity in the marketplace. They bought up the discards of the bigger factories.”

As an anecdote illustrating the growth of the secondary market in the 1920s, the magazine
Surplus Record was created in November 1924, nearly 100 years ago. The objective of
its founder was to provide a publication cataloging surplus equipment to connect buyers
and sellers. It allowed dealers to list their surplus equipment and provided buyers with a
convenient resource for finding used capital goods. It was the ancestor of online marketplaces.

World War II was an inflection point for the development of the market for used equip-
ment. The Machinery Dealers National Association (MDNA) was established at the be-
ginning of the war, in 1941, to provide a network of used machinery dealers. Today, the
association represents more than 400 members throughout the world. At the end of the war,
over $100 billion of wartime machinery (trucks, aircraft engines, machine tools, generators,
etc.) needed repurposing for civilian manufacturing.” The Machinery Dealer National As-
sociation lobbied the U.S. Congress to play a role in the redeployment of this equipment.
This effort was successful, and in December 1945, the Office of Reconstruction Finance Cor-
poration announced a 12.5% sales commission for any used machinery salesman who sold a

surplus war machine. From Graff (2002):

“Many young men got into the [machinery| business after the war selling off
U.S. Government-owned machine tools on a commission. It required very little

capital and the Government had mountains of equipment to sell.”

4On the evolution of junkyards, see https://www.junkyardslist.com /junkyard-basics/evolution /.
5See https://surplusrecord.com/about /history/



From the 1960s onward, dealers became more specialized and the market benefited some-
what from the globalization of trade, as developing countries became important buyers of
used machinery from developed nations. The advent of the internet in the late 1990s trig-
gered another significant transformation of the secondary market for machines. Prospective
buyers of machinery and equipment once had to visit dealerships in person to find and inspect
the machines they sought. Major cities—e.g., Chicago, New York, and Los Angeles—had
streets dedicated to machinery dealers. The internet has enabled the rise of online market-
places, such as MachineryTrader.com (launched in 1998) and IronPlanet.com (founded in
1999), among others, where buyers and sellers can meet virtually, significantly expanding
the market. Moreover, auctions of machines and equipment that once took place in person
at physical locations can now be conducted online.’ In addition, intermediaries no longer
need to hold inventories, as they can act as brokers who connect buyers and sellers.

The development of secondary markets is not limited to tangible capital. One example of
this is the secondary market for patents. According to Kim and Valentine (2022), "29% or 1.3
million patents of the 4.5 million patents that the U.S. Patent and Trademark Office granted
from 1994 to 2017 were sold to another party at least once by 2020." The patent market
is described as decentralized and informationally opaque. According to Mossoff (2015), the
secondary patent market emerged in the 19th century to allow innovators to trade their ideas.
Intermediaries called patent agents were active in that market since the late 19th century.
Nowadays, the secondary patent market is organized by brokers. According to Richardson,
Costa, and Oliver (2024):

“Brokers are critical to the functioning of this market. We cannot emphasize
this enough. (...) They sell, buy, market, negotiate, evangelise, and promote

patents in the market.”

1.2 Related literature

The literature on capital reallocation under adjustment costs, e.g., Eisfeldt and Rampini

7

(2006), shares similarities with the approach in this paper.” The closest paper in that

literature is Eberly and Wang (2009) who study reallocation and growth in a two-sector AK

For the evolution of industrial auctions, see https://hub.exapro.com/the-evolution-of-industrial-auctions-
from-physical-to-online-platforms-since-the-1990s

"The literature on capital reallocation and misallocation is not limited to adjustment costs. Existing
models explain misallocation with different features, including adverse selection (e.g., Eistfeld, 2004), agency
costs (e.g., Eistfeld and Rampini, 2008), and search frictions. David and Venkateswaran (2019) provide a
methodology to disentangle the different sources of capital misallocation within a general equilibrium model
of firm dynamics. An overview of the stylized facts and the different theoretical approaches is provided by
Eisfeldt and Shi (2018).



model.® While my model can be viewed as providing microfoundations for these adjustment
costs by diving into the micro-structure of the capital market, it goes beyond rationalizing
these costs. It separates costs that are technological in nature, e.g., the infrequent matching
of firms and brokers, from the costs arising from market power, and it shows they affect TFP
and the rate of return of financial claims differently. For instance, dealers’ market power does
not directly affect TFP; rather, it alters the rate of return on financial wealth through an
intertemporal holdup problem, which has significant implications for growth when combined
with knowledge externalities.”

The description of the market structure follows the work of Duffie, Garleanu, and Ped-
ersen (2005, 2007) for over-the-counter (OTC) markets. I adopt the version with divisible
and unrestricted asset holdings of Lagos and Rocheteau (2007, 2009). A thorough and in-
detail treatment of this class of models is proposed by Hugonnier, Lester, and Weill (2025).
The relevant chapters are Chapter 4 on semi-centralized markets and Chapter 6 on divisible
asset holdings. Compared to the literature on OTC markets, this paper embeds the OTC
market structure within a general equilibrium framework. This permits to endogenize the
rate of return of financial claims, which is used to compute the financial value of firms and
the distribution of Tobin’s q. Moreover, it endogenizes the asset supply and the growth rate
of capital. Finally, while utility flows from holding assets are stationary and presented in
reduced form in most of the literature, they depend on technology in my model and grow
with aggregate productivity at an endogenous rate.

The OTC market structure has been used to describe real asset markets. For instance,
Gavazza (2011, 2016) applies a version of Duffie, Garleanu, and Pedersen (2005, 2007) to the
market for commercial aircrafts. Nosal and Rocheteau (2011, Chapter 12), Kurmann (2014),
and Kurmann and Rabonovich (2018) use a market structure similar to the one in Lagos
and Rocheteau (2009) to describe the market for physical capital. Ottonello (2024) adopts
a competitive-search version of the Mortensen and Pissarides (1994) model to study capital
unemployment over the business cycles.!’ Bierdel, Drenik, Herrefio, and Ottonello (2023)

extend the model to add informational asymmetries about the quality of capital goods.

8Dou, Ji, Tian, and Wang (2024) study misallocation and (Schumpeterian) growth in a model with
heterogeneous firms facing financial frictions due to agency problems. Jones (2013) discusses the link between
misallocation and income differences across countries and emphasizes the potential role of intermediate goods
and input-output linkages. Jovanovic (2014) studies growth via on-the-job learning and misallocation of
heterogeneous workers in an overlapping generations model in which young agents match with the old.

9Frictions in the capital market constitute external adjustment costs. For the distinction between internal
and external adjustment costs see, e.g., Mussa (1977).

0 Tagos (2006) also proposes a search-theoretic model of endogenous TFP in the spirit of Mortensen and
Pissarides (1994). Lester, Rocheteau, and Weill (2015) study the models of OTC markets with dealers of
Duffie, Garleanu, and Pedersen (2005) and Lagos and Rocheteau (2009) under competitive search.



The description of the market structure emphasizes the role of brokers/dealers in the
reallocation of capital goods. Relatedly, Greenwood and Jovanovic (1990) formalizes the
contribution of financial intermediaries to economic growth in an AK model where interme-
diaries allow households to obtain a higher and safer return. Mehra, Piguillem, and Prescott
(2011) formalize costly financial intermediation in a neoclassical growth model. Intermedi-
aries in my model do not connect households and firms but firms with different productivities.
Moreover, financial markets are efficient to focus in the frictions in the capital market.

This paper introduces market power in the capital market and shows it affects the real
interest rate and the growth rate of the economy. There is a vast macroeconomic literature
on market power in goods markets. For instance, Ball and Mankiw (2023) study the role
of market power in a neoclassical growth models and show that firms’ market power in the
goods market reduces the real interest rate. Relatedly, there is a literature studying misal-
location in models where the market power of heterogeneous firms arises from monopolistic
competition (e.g., Edmond, Midrigan, and Xu, 2023). In contrast to the monopolistic com-
petition approach, the market power of dealers arises from search frictions and endogenous
outside options and it does not generate static distortions because the outcomes of the ne-
gotiations are pairwise Pareto-efficient. Inefficiencies occur through intertemporal holdup
problems that affect the valuations of firms.

In the main model, I assume that firms face no financial or liquidity constraints.!! Wright,
Xijao, and Zhu (2018, 2020) study capital reallocation in a New Monetarist model with
search frictions and liquidity considerations. Cui, Wright, and Zhu (2025) extend the model
to distinguish between full or partial sales and calibrate it to match business cycle facts.
Silveira and Wright (2010) adopt a similar description for the market of ideas (intangible
capital). Chiu, Meh, and Wright (2017) study a version of the market with ideas under

financial frictions and endogenous growth.

2 Environment

Time is continuous and indexed by ¢t € R,. There is a single consumption good and a unit
measure of identical, infinitely-lived households whose preferences are represented by the

following lifetime utility function,

+o00
/ e Pu(cy; 0)dt, (1)
0

1See the supplementary appendix for a version where firms hold liquid assets to finance capital purchases.



where p > 0 is the rate of time preference, and ¢; is the time-path for consumption. The

instantaneous utility function is of the CRRA form,

A0
u(c;0) = g if 0+#1 (2)
= lIn(c) if6=1.

Since the focus is on economic growth, I omit the choice between consumption and leisure.

Households have the possibility to acquire financial claims issued by firms, such as equity
shares or bonds. Financial markets are perfectly efficient: securities are traded without
any transaction costs under complete information. There is no aggregate uncertainty. The
idiosyncratic risk associated with financial claims can be diversified away, e.g., through the
use of mutual funds. The endogenous real rate of return on financial wealth is denoted r;.

There are three category of firms/technologies. There is a unit measure of capital produc-
ers that have the technology to transform the perishable consumption good into a durable
capital good, one for one. Capital does not depreciate. The aggregate capital stock is de-
noted K; € R, and the production of capital goods is denoted K;, where a dot over a
variable denotes a time derivative. There is no rental market for physical capital, i.e., firms
own the capital they operate.'? Capital goods are traded in a frictional broker market, the
micro-structure of which is detailed below.

There is a unit measure of final good producers, simply labeled firms. Each firm is
endowed with a technology represented by the production function, f;(k), where k € R, is
the capital held by the firm, and j € {L, H} indicates the idiosyncratic and time-varying

productivity of the firm.'® I assume for now, that the technology is linear,

Later, in Section 4, I introduce diminishing private returns to capital and I consider a richer
set of productivity realizations. (See also the Supplementary Appendix for a general Markov
chain for A;.) The idiosyncratic productivity shocks are formalized as follows. At Poisson
arrival rate A > 0, a firm draws a new productivity, A; with j € {L, H}, with probability
m; > 0 and 71, + 7y = 1. The average productivity is denoted by A=mA;, +7yAy . The

objective of each firm is to maximize its market value.

120ne interpretation is that rental companies cannot bypass or eliminate the search frictions and therefore,
for the sake of being parsiminious, they are omitted. Alternatively, one could interpret the firms in the model
as rental companies and the idiosyncratic productivity shocks are the extent to which their inventories of
capital goods are utilized.

I3Tf productivity shocks are i.i.d., there is no loss in generality in assuming two productivity levels. If
Ap = Apg, our model is a standard AK model. For a textbook treatment, see, e.g., Barro and Sala-i-Martin
(2004).
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Figure 1: Description of the capital market structure

Finally, there is a unit measure of brokerage firms, simply called brokers, who provide in-
termediation services in the capital market. The market structure is represented graphically
in Figure 1. Brokers, who can contact each other instantly, trade capital goods competitively
among themselves.!* The competitive price of capital among brokers, expressed in terms of
the consumption good, is px. Firms are matched bilaterally with brokers at Poisson arrival
rate « > 0. Brokers can execute trades on behalf of firms instantly. The terms of trade
between brokers and firms are negotiated.

Capital producers can trade competitively with brokers and sell the newly produced cap-
ital goods instantly at price px. Therefore, the new capital is allocated to firms instantly.
This assumption allows us to focus on frictions in the second-hand capital market by cap-
turing the idea that the new capital is easier to trade, e.g., because its quality is more easily
established and capital producers are better connected to brokers. I relax this assumption
in the Supplementary Appendix by introducing delays to sell the new capital to primary

dealers with bargaining power in pairwise meetings.

Interpretation of the market microstructure.

This semi-centralized, over-the-counter market structure captures the observation that deal-
ers of capital goods can contact each other quickly to match their clients’ supplies and
demands.' For instance, according to the Energy Business Review (2024), machinery bro-

kers “have an extensive network of contacts, including manufacturers, sellers, and other

MFarboodi, Jarosch, and Shimer (2023) construct a model of an OTC market in which traders invest in a
contact technology and show that middlemen with unboundedly high contact rates emerge endogenously.

15While I assumed that all trades go through brokers, one can also allow for business-to-business trades.
Indeed, an equivalent reformulation consists in assuming that firms access the competitive market directly
at rate a4 and indirectly through brokers with bargaining power 7, at rate a;. This market structure can
be mapped into the one described above when o = vy, + a and 1 —n = [ay, + (1 — n)] /(o + ). For
models of OTC markets where trades are fully decentralized and intermediation emerges endogenously, see,
e.g., Uslii (2019) and Hugonnier, Lester, and Weill (2020).



brokers”. Similarly, the Machinery Dealer National Association advertise that "MDNA deal-
ers can communicate with each other through various means" thereby providing machinery
availability.!® The description is not limited to the market for tangible capital. In the sec-
ondary patent market, according to Richardson, Costa, and Oliver (2024), “brokers leverage
their networks of connections to find interesting patents to sell and to find willing buyers.”

From a methodology standpoint, the competitive (interdealer) market is a formalization
device to bypass the inventory problem of dealers in order to focus on their market power
when trading with firms, which is captured by 7, and their role in providing immediacy,
which is captured by a. As we will see, this formalization keeps the model analytically
tractable even when there is rich heterogeneity across firms and holdings of capital goods
are perfectly divisible.

Regarding the use of bargaining to determine terms of trade between brokers and firms,
the Energy Business Review (2024) mentions, among the reasons to engage industrial ma-
chinery brokers, the fact that “brokers are expert negotiators.” In the secondary patent mar-
ket, brokers “sell, buy, market, negotiate, evangelise, and promote patents in the market”
(Richardson, Costa, and Oliver, 2024). To the extent that one focuses on trading mecha-
nisms under complete information, the use of generalized Nash bargaining is with no loss in

generality.!”

3 The benchmark model

The benchmark model incorporates linear technologies, no externalities, and a fixed measure
of brokers. It provides a tractable setting to develop intuition and assess the impact of
market frictions on allocations and growth. In the following, I characterize balanced-growth
equilibria where aggregate output and capital stock grow at the same endogenous constant

rate, g > 0.

3.1 Households

The representative household maximizes its lifetime utility given some initial financial wealth,

wp, and a time-path for the real interest rate, r;, i.e.,

—+o00
max/ e Pu(c)dt s.t. @ = ryw; — ¢ and wy given. (4)
Ct,Wt

we Jo

https://www.mdna.org/
1"Indeed, the Nash solution generates the entire Pareto-frontier in pairwise meetings by varying 7. For
instance, it is payoff-equivalent to request-for-quote mechanisms, as shown by Maciocco (2025).
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It chooses its consumption, ¢;, and its investment in financial wealth, w;, where the portfolio
of financial assets is perfectly diversified, subject to the budget identity in (4) and taking
as given the rate of return of financial wealth, r;. By the Maximum Principle, the optimal
choice for consumption satisfies u'(¢;) = &, for all ¢, where the co-state variable, ,, solves
ft /&, = p — . This gives the standard Euler equation:

_E_Tt—/)
gt = - 9 ) (5)

where —u"(¢;)ci/u'(¢;) = 0 and gy denotes the growth rate of consumption. From (5), there
is a positive and linear relationship between the growth rate of the economy and the real

interest rate. In balanced-growth equilibria where ¢g; remains constant, r; does as well.

3.2 Capital good producers

Each capital producer chooses the quantity, i; € R, , of physical capital to produce at a unit
cost in terms of the consumption good. The newly-formed capital is sold instantly in the
capital market at the competitive price, pg, expressed in terms of the final good. Hence, the

problem of the capital producer at time ¢ is

max {i(pre — 1)} -

For a solution with ¢, > 0 to exist, px; = 1 and profits are zero.

3.3 Valuation of firms

The financial value of a firm with productivity j € {L, H} and capital stock k is denoted
v;(k). It is composed of all financial claims held by the creditors and shareholders of the
firm. In this setting with perfectly efficient financial markets, the Modigliani-Miller theorem
holds so that the value of the firm is independent from its capital structure.

Suppose the firm meets a broker. The post-trade capital stock, &', and the payment to
the broker, ¢, are determined by the generalized Nash bargaining solution where the broker’s
bargaining power is € [0,1]. The firm’s surplus from the negotiated outcome, (£, ¢), is
equal to its post-trade market value, v;(k’), net of capital expenditure, k' — k, and payment
to the broker, ¢, minus the value of the firm if no trade takes place, v;(k). The surplus of
the broker is simply ¢. Hence, the outcome of the bargaining is given by:

[y 03(0)) € ang_max (o (K) = (K = k) = 6 = vy (R 7 [o]" ©
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The solution to (6) is

kj € arg max {v;(K') =K'} (7)
$;(k) = nmax [Uy(k) — (K = k) —v;(k)], je{L,H}. (8)

From (7), the post-trade capital stock maximizes the value of the firm net of the investment
in physical capital. It is the same choice that the firm would make if it had access to the
capital market without a broker. From (8), the payment to the intermediary is a fraction,
n, of the increase in the value of the firm net of the investment. Using the expression for ¢;
in (8), the surplus of the firm can be reexpressed as
vj(k;) = (kj — k) —wv;(k) — ¢;(k) = (1 —n) max [ (k") — (K = k) —v;(k)].

The firm receives a share, 1 — 7, of the surplus it would obtain if it had direct access to the
capital market. Hence, from the standpoint of the firm, the economy where brokers have
bargaining power, 7, is equivalent to an economy where the firm accesses the capital market
at rate a(1l — n) with full bargaining power. I make use of this equivalence in the following
to write the Hamilton-Jacobi-Bellman (HJB) equation for v,.

The value of a firm with productivity state j € {L, H} and capital k& € R solves:

rvj(k) = Ajf(k)+ Am_;[v_;(k) — v;(k)]
+a(l —n)max [v;(K) — (K — k) —v;(k)] + 0;(k), (9)

k' >0
where —j € {L, H}\{j}. The rate at which the firm discounts its profits is the rate of return
of financial wealth in the household’s problem. The left side of (9) is the opportunity cost
from investing in the firm. On the right side, the firm generates an output flow equal to
A;f(k). At Poisson arrival rate, A\m_;, it draws a new productivity, —j # j. The capital gain
is v_j(k) —v;(k). At Poisson arrival rate, «, the firm has access to the capital market via a
broker. The change in the value of the firm net of the investment is v, (k") — (k' — k) — v; (k)
and, after payment to the broker, the firm keeps a fraction 1 — 7 of that gain. The last term

is the change in the value of the firm over time.

3.4 Tobin’s q

From the assumption that f;(k) = A;k, it can be checked that v;(k) = g;k, where ¢; € R is
the Tobin’s q of the firm, i.e., it is the market value of a unit of physical capital invested in

a firm with productivity j. The optimal choice of capital, from (7), can be reexpressed as

/
kj € argmax {(q; — 1)K} (10)

12



For this problem to have a solution, ¢; < 1 for all j € {L, H}. Firms might invest if ¢; = 1
and they disinvest if ¢; < 1. Substitute v;(k) = g;k into (9) and divide both sides by k, the

Tobin’s ¢ obeys the following dynamic equations:
rg; = Aj+ A (¢-; —¢) + ol —n) (1 —q;) Vje{L H}, (11)

where —j € {L, H}\{j}. The left side is the opportunity cost of investing in the firm. The
right side is the return from that investment, which is composed of the productivity, A;,
the expected capital gain as idiosyncratic productivity changes over time, and the gain from

reselling the capital when the firm has access to the capital market. After some calculation,

_Aj+a(l-n)
BT el =)

[r+a(l—n)] A, —1—)\/_1‘

Vj e {L,H}, where Aj r A+ a(l—7)

(12)

The Tobin’s ¢ has two components. The first term corresponds to a weighted average of the
firm’s current productivity, A;, and its future expected productivity, A, if it experiences a
productivity shock. The second term is the expected discounted resale value of the firm’s
capital at the time the firm can access the capital market. In order for the capital market to
be active, there must be a positive demand for capital. From (10) and (12), max;c( m3{q;} =

qn = px = 1.

Corollary 1 A measure of the dispersion across Tobin’s q is

An — AL
r+A+a(l—mn)

qH — 4L =

Frictions in the capital market generate a dispersion of Tobin’s ¢ across firms, which
increases when search frictions become more severe, brokers have greater bargaining power,

and idiosyncratic productivity shocks are more persistent.

3.5 Valuation of brokers

Let w, denote the expected discounted sum of the profits of a broker. It solves:
rw; = a/ ¢;(k)dY:(j, k) + i, (13)
{L,H} xR+

where ¢;(k) is given by (8) and where Yy(j, k) is the Lebesgue-Stieltjes measure of firms
across productivity types and holdings of capital. Brokerage firms are owned by households
and their profits are discounted at rate r;. According to (13), a broker meets a firm at
random at rate a. From (8), the broker’s revenue from this encounter is ¢;(k). From the

solution to the bargaining problem, (8), in an equilibrium where ¢y = 1, ¢y (k) = 0, and
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o1 (k) = n(1 — q)k. Brokers only make profits when they meet firms that want to liquidate
their capital. Using that 1 — ¢, = gy — ¢q;, and Corollary 1,

n(Ag — Ar)

k)= . 14
o1 (k) r+A+a(l—n) (14)
I substitute the expression for ¢;(k) from (14) into (13) to obtain
Ag — AL K
an (Ay L) Kp: i, (15)

= k)dY(L, k D =
re=a R+¢L() (LK) + r+A+all—mn)

where K, = fR + kdY(L, k) is the aggregate capital stock held by low-productivity firms.

3.6 Distribution of capital

I assume that the distribution of firms across productivity levels at time 0 is given by the
invariant distribution, (7;),cz,my. Moreover, I focus on equilibria where all type-H firms
leave the capital market with the same amount of capital, kg = K;/mg.

Under the assumption that f;(k) is linear, the distribution of capital across firms of the
same type does not matter for allocative efficiency. However, the distribution of capital across
firms of different productivities is critical. Let denote Ky = fR + kdY(H, k) the aggregate

capital stock held by the most productive firms. It obeys the following law of motion:
KH:OZKL—l—)\?THKL—)\?TLKH—I—K. (16)

Over a small time interval of length dt, adt firms access the capital market. A fraction 7y,
of those firms are type-L firms. Each low-productivity firm holds on average K /7. Hence,
by the law of large number, a quantity adt Ky, of capital is reallocated from low-productivity
firms to firms of type H.'® According to the second term on the right side of (16), a measure
Adt of firms receive a productivity shock and the realization is H with probability 7. So,
a quantity Adtmg K, of capital that was held by low-productivity firms is now held by firms
of type H. Conversely, a measure A\dtm; of firms of type H receive a productivity shock
with realization L. Hence, a quantity Adtmp Ky of capital moves from firms H to firms L.
The last term on the right side of (16) represents the accumulation of new capital that is
allocated to the most productive firms, H.

I denote l%j = K,;/K, j € {L, H}, the share of the aggregate capital stock that is allocated
to firms of type j. On a balanced-growth path, K; grows at a constant rate g. Hence, from
(16), using that K, = K — Ky,

AT,

b=l by =1 T
n L Ata+yg

(17)

I8For the existence of a Law of Large Numbers for economies with a continuum of random variables, see
Uhlig (1996).
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A positive share of the capital stock, k 1, is operated by the least productive firms. This share
depends positively on the frequency of idiosyncratic productivity shocks, and negatively on
the meeting rate with brokers and the growth rate of the economy.

Eisfeldt and Shi (2018) define capital reallocation “as the transfer or sale of capital
between productive technologies or firms”. Hence, in the model, capital reallocation relative
to the aggregate capital stock is akr. Reallocation increases with o and A but it decreases

with g.

3.7 Taking stock

I define a balanced-growth equilibrium as a time-path for aggregate output, Y;, aggregate
consumption, C;, aggregate capital, K;, the distribution of the capital stock across produc-
tivity levels, {l%j }ieqrmy, Tobin’s q,{q;}jeqr,my, the market capitalization of brokers, w;, and

the real interest rate, r, that satisfy the conditions below.

Aggregate output and TFP. The total output of the economy is equal to

value added expenditure
- —
=K ) Ak =C+E, (18)
je{L,H}
TFP

where k; is given by (17). According to the right side of (18), total output is divided between
aggregate consumption, C}, and investment, K,. The term, > je{L,H} Ajl%j, is the endogenous
total factor productivity of the aggregate production function that has capital as the sole

input. By substituting l%j by its value given by (17), total factor productivity is equal to

)\’/TL(AH — AL)

TEP = = g

(19)

The endogenous TFP is equal to the highest productivity, Ay, reduced by a misallocation
term that depends on the market frictions, the idiosyncratic risk, and the endogenous growth

rate of the economy.

Balanced growth path. Along a balanced growth path,
Ct = Coegt, Kt = Koegt, (20)

where, from the Euler equation, (5), the growth rate of the economy is g = (r — p) /6, and
Ky € R, is given.
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Aggregate financial wealth. Households’ total financial wealth is defined as
Q=w + (CZL]%L + QHI%H) K, (21)

where ¢; is given by (12). The first term on the right side of (21) is the market capitalization

of brokers while the second term is the market capitalization of firms. From (15),

CW?(AH — AL))\ﬂ'L
Ata+g)[r+A+a(l—n)

(r—g)w = ( K, (22)

where I used the expression for kr given by (17), and the restriction to balanced-growth
equilibria where 1w, = gw;. It is nonnegative and bounded if » — ¢ > 0. From the budget

identity in the household’s problem, (4), using that w;/w; = g,
Co = (r — 9)0. (23)

The real interest rate. Setting ¢y = 1 into (12), the real interest rate solves

)\WL(AH—AL)
r+A+a(l—mn)

r=Ay — (24)
The equilibrium real interest rate is the unique positive solution to (24) and is represented
graphically in Figure 2. It equals the productivity of type-H firms minus an illiquidity
discount, which arises from difficulties in selling capital when productivity drops due to search
and bargaining frictions. This discount increases with the idiosyncratic productivity risk, A,
the gap between high and low productivities, Ay — Ay, and brokers’ bargaining power, 7.
It decreases with the rate at which firms meet brokers, a. In the Supplementary Appendix,
I add frictions in the primary capital market by assuming that capital producers meets
primary brokers with bargaining power 7, at rate . The real interest rate is determined
as in (24) except that the left side is multipled by a term, 14 7/ [ag(1 — 71,)], that depresses
r further.

The comparison of (19) and (24) shows that r and average capital productivity (TFP)

are distinct. The following Corollary provides a ranking.

Proposition 1 Total factor productivity is greater than the rate of return of financial wealth,
TFEP >r, if and only if
an>r—g. (25)

The average productivity of capital is greater than the real interest rate when the product

of the matching probability and the dealer’s bargaining power is greater than the real interest
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Figure 2: Determination of the equilibrium real interest rate.

rate net of the growth rate. Using that the right side of (25) is bounded above by Ay, the
condition (25) holds, for example, when search frictions are small and dealers’ bargaining

power is not too low. This result can help explain why some countries experience low growth
despite having a high TFP.

Proposition 2 (Existence and uniqueness of balanced-growth equilibrium.) Sup-
pose Ko = ki Ko. There exists a balanced-growth path equilibrium featuring 0 < g < r if
and only if

[p+a(l—n)] (Ag — p) + MA = p) >0, (26)
and either 6 > 1 or

16 ot (1-0ptald_n)]

(27)

The equilibrium is unique and such that r € [A,AH]. Moreover, Or/da > 0, Or/0n < 0,
and Or O\ < 0.

According to (26), a necessary and sufficient condition for the equilibrium growth rate to
be positive is that p is less than a threshold, p, € (fl, A H) A necessary condition is Ay > p
and a sufficient condition is A > p. The lifetime utility of households is bounded if either
0 > 1 or if (27) holds, i.e., if p/(1 — 0) is larger than some threshold. In the Supplementary
Appendix, I characterize transitional dynamics for arbitrary initial conditions and show the

equilibrium is unique.
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3.8 Misallocation and growth

I now compare the equilibrium allocations to first-best allocations, where the planner is not
subject to search frictions to reallocate capital, and to constrained-efficient allocations, where
the planner is subject to the same search frictions as the ones faced by brokers and firms. I

will also characterize allocations at the limit when search frictions vanish.

Misallocation relative to the first best A benevolent planner who can freely allocate
capital across firms would only operate the H-technology, so that the level of output would
be Y = Ay K;, and it would accumulate capital at rate g* = (r* — p)/0, where r* = Ag.
The misallocation of capital relative to that first-best benchmark has both a static and a
dynamic dimension.

The static misallocation refers to the loss of output relative to the first best taking K; as
given. It is equal to

Yy -V, . [Ag—A AT Ay — A
VIS, = 2t t_ H Ly _ L H LY
Sy Ty kr, ( 1, oty 1, (28)

From (19), TFP = Ay (1 — M1Sy). Misallocation increases with the idiosyncratic risk, A,
and with the search frictions, 1/a. The bargaining power of brokers has no direct effect on
M1Sy.* However, it has an indirect effect through g. As 7 increases, g decreases, and M ISy
increases. It is due to the assumption that new capital is allocated instantly to H-firms while
second-hand capital requires time for reallocation, k; increases.

The dynamic misallocation refers to the rate of capital accumulation that is inefficiently
low. I measure this misallocation by the difference in the growth rates between a frictionless
economy and a frictional economy, i.e., g* — ¢g. It is equal to
r* —r Arp (Ag — Ap)

ST T T+ a+ral—n)

where r* = Apg. The right side has been obtained by substituting r by its expression given
by (24). The growth deficit, g* — g, is equal to the illiquidity discount of the real interest
rate, which itself depends on r, multiplied by the intertemporal elasticity of substitution. It
increases with 7 and A but it decreases with a.

Table 1 indicates how M 1Sy and g co-vary in response to changes in the market structure

and the stochastic process driving idiosyncratic productivity shocks. Irrespective of the

19Tf there are more than two realizations for the productivity shocks and if the stochastic process for these
shocks obeys a continous-time Markov chain, then it is possible for brokers’ bargaining power to affect the
static misallocation of capital. See the Appendix.
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underlying change affecting the economy, a greater misallocation of K; is always associated

with a lower growth rate.

(a0 [A]m A
MISy | — |+ |+ |+ | —
g |+ |- |-|-|+

Table 1. Misallocation and growth

Misallocation relative to constrained-efficient allocations I now consider the prob-
lem of a social planner who is subject to the same trading frictions as the ones faced by firms
and brokers. More specifically, over a time interval of length dt, the amount of capital that
can be reallocated between low- and high-productivity firms is adtK;. The planner chooses
how to divide total output between consumption and capital formation and how to allocate

the flow of capital that reaches the market across different firms.

Proposition 3 (Optimal growth.) Suppose the initial condition is such that K o/Koy =
A /(g+ a+ N). The decentralized equilibrium is constrained-efficient if and only if n = 0.

The presence of search frictions in the capital market is a technological constraint that
cannot be undone by the social planner. However, the planner would like to eliminate
the bargaining power of brokers. For a given K, the bargaining power of dealers does not
generate static misallocation of capital. Indeed, the capital that reaches the market flows
toward the most productive firms, irrespective of 1. However, by capturing a fraction of the
surplus generated by the reallocation of capital, brokers lower the rate of return of financial
assets, the accumulation of financial wealth by households, and hence the rate of growth of

the economy.?’

Misallocation at the frictionless limit With the rise of the Internet and online plat-
forms for advertising capital goods, search frictions in the capital market have significantly
decreased. To reflect these advancements, I analyze the limit of the decentralized equilib-
rium as trading frictions in the capital market vanish (o — +o00) and assess whether the
equilibrium allocation converges to a first-best allocation. I distinguish two cases: firms have

some bargaining power, n < 1, and brokers have all the bargaining power, n = 1.

20In Lagos and Rocheteau (2009), where both the real interest rate and the asset supply are exogenous,
if the payoff from holding the asset is linear in asset holdings and preference shocks are i.i.d., then 1 does
not affect welfare. In my model, however, it influences welfare through the growth rate of the capital stock.
Under free entry of dealers, as in Lagos and Rocheteau (2007), constrained efficiency would require the
Hosios condition to hold. I introduce free entry in Section 5.
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Proposition 4 (Growth at the frictionless limit.)

1. Nonmonopolistic dealers, n < 1. As a — 400, r — Ay and g — (Ag — p)/0.

° I%H — 1, MISy — 0, and TFP — Ap.
o ¢, (k) — 0 for all k > 0.

2. Monopolistic dealers, n = 1. For all o, v < Ag is the unique solution to

A _

and g = (r — p)/0 < (Ay — p)/0.

o kyy — 1, MISy — 0, and TFP — Ay.
o ¢, (k)= (Ag — AL)Ek/(r+X) >0 for all k > 0.

When firms have some bargaining power, the frictionless limit of the decentralized equi-
librium coincides with the textbook AK model. The real interest rate approaches the highest
productivity, which then determines the rate of growth of the economy. All the capital is
held by the most productive firms and payments to brokers vanish.

If brokers have all the bargaining power, then the equilibrium allocation fails to converge
to a first best. This result is a version of the Diamond (1971) paradox whereby competitive
pressures are inexistent, irrespective of the frequency at which agents meet each other, when
one side of the market has all the bargaining power. Indeed, the effective rate at which firms
meet brokers is (1 —n) = 0 for all @ > 0. It is easy to check from (29) that r < Ay with
r— Ay as A — 0and r — A as A — 4o0. It is only when the idiosyncratic productivity
risk disappears that the economy converges to the competitive benchmark.

This last case is also useful to illustrate the distinction between static and dynamic
misallocation. When 1 = 1, as « tends to infinity, the capital is optimally allocated in a
static sense since it is held by the most productive firms and the average productivity of
capital is maximum and equal to Ay. From (19), TFP = Ay, and, from (28), MISy = 0.
However, because brokers have all the bargaining power, the rate of return of financial wealth
is lower than Ay. By investing in financial wealth, households cannot appropriate the full
return of the capital stock they help finance. As a result, the economy grows at a lower rate

than the Walrasian benchmark
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4 Frictional capital market with knowledge spillover

The benchmark model with linear technologies studied so far reflects the conventional wisdom
that the same market frictions contributing to capital misallocation also reduce the economy’s
long-run growth rate. So far, however, the model does not incorporate realistic diminishing
returns to capital at the firm level and omits a key insight from the literature—namely, that
growth arises from the production of knowledge. In the following, I generalize the technology
to address both limitations.

Since the focus of this paper is on the capital market, I follow Arrow (1962), Frankel
(1962), and Romer (1986), and assume that knowledge is created by learning how to operate
capital. As firms install new machines, they learn the most efficient ways to operate them.?!
For instance, today, investments in artificial intelligence technologies generate substantial
learning-by-doing and knowledge spillover (e.g., Chen, Shi, and Srinivasan, 2024). The new

knowledge, which is nonrival, is accessible to all firms. In Arrow’s words:

“[I take] cumulative gross investment (cumulative production of capital goods)
as an index of experience. Each new machine produced and put into use is capable
of changing the environment in which production takes place, so that learning is

taking place with continually new stimuli.”

Formally, the technology of a firm is of the form A;K' 9k where 8 € (0,1) and K
is the cumulative production of capital goods. While the technology features diminishing
marginal returns with respect to k, it has constant returns to scale with respect to both
K and k. In the spirit of Arrow (1962), K enters total factor productivity because it is a
measure of the stock of knowledge or experience.?? When households finance the production
of new capital through their financial wealth accumulation, they do not take into account

how it affects the stock of knowledge and firms’ productivity. This knowledge externality

21Rosenberg (1963) argues that “the machinery-producing industries possess certain unique characteristics
which played a major role in accounting for the rapid production and diffusion of technological innovations.”
De Long and Summers (1991, 1992) and De Long (1992) document the strong nexus between equipment
investment and economic growth. They find that equipment has a high net social return, about 20 percent
per year. Irwin and Klenow (1994) provide evidence of learning-by-doing spillovers in the semiconductor
industry. The role of investment externalities for long-term growth has been challenged by Benhabib and
Jovanovic (1991) and Jones (1995).

2In Arrow (1962) and Jovanovic and Rousseau (2002), technological change is embodied in capital goods.
In the Supplementary Appendix, I consider such a version of the model and show that the results are robust.
For a presentation and discussion of Arrow’s model, see also Solow (1997). For a model of learning by doing
and technology adoption, see Jovanovic and Nyarko (1996). For a Schumperian growth model where both
capital accumulation and innovation contribute to long-run growth, see Howitt and Aghion (1998). In the
Supplementary Appendix, I consider an alternative version of my model in which knowledge is associated
with an input factor other than capital, but it complements capital in production.
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is stronger as J decreases. In the previous section, f = 1 and the externality is mute. I
generalize the set of idiosyncratic productivities to any arbitrary finite set, {Ay, ..., 4;,...A;},
with) < A3 <..<A;<..<Ajand A= Z}]:1 m;A;. The following Lemma characterizes
the first-best allocation chosen by a planner who is not subject to any friction to allocate

the capital among firms.

Lemma 1 (First-best allocations.) Assume

P
J 2\

<Zj1 7TJ'AJ'IB)

At the first best, the economy grows at rate g* = (r* — p)/0 where

J S\ P
r* = (Z ﬂjA;B) . (31)
j=1

The share of capital allocated to firms of type j, mik;/ Ky, is

1-60<

< 1. (30)

1
A8 A. =7
o mAT (_J> Vi e, J}. (32)
Zj:l 7TjAj1ﬂB g

As shown from (32), and in contrast to the linear technology studied earlier, provided

[1]

< 1, it is optimal to allocate a positive amount of capital to all firms such that A; > 0.
j

4.1 Firms’ valuations

The value of a firm solves

J
roja(k) = AR AN D [va (k) — vj(k)]
r=1

+a(l —n)max [v;4(K) = (K — k) — (k)] + 0;(k), (33)

k>0

for j € {1,...,J}. Relative to the previous section, v;;(k) is not time-invariant because
productivity, which depends on K, grows over time. On a balanced-growth path, the output
flow, AjKtlfﬁka = Aje(l_ﬁ)gtKéfﬁkﬂ, grows at rate (1 — 3)g. Using this observation, the

following lemma provides a closed-form solution for the value function.

Lemma 2 (Firms’ valuations.) The value function of the firm is

AjKtl_ﬁkB i a(l - 77)
r—(1-pg+all-n all-n)+

vselk) = ki + A, (34

22



where Aj; € R is independent of k and

4 [P0 Bgtal—n]A 2
! r—=(1=Bg+all-n+xr

(35)

The first term on the right side of (34) is the expected discounted sum of output flows
from ¢ until the next effective access to the capital market at Poisson arrival rate, a(1 —n).
The effective discount rate on the denominator, r — (1 — 3)g + a(1 — n), accounts for the
growth rate of productivity, (1—/3)g, in accordance with the Gordon (1959) growth formula.
The second term on the right side is the expected discounted resale value of the capital at
the time of the next effective access to the market. The effective discount rate of that second
term, a(1 —n) 4+ r, does not incorporate the growth rate of productivity. The reason is that
while the output flow of the firm is growing over time, the price of capital remains constant
and equal to pxg = 1. The third term is the continuation value that is independent of k.
The quantity, /lj, given by (35) generalizes the expression in (12). It is equal to a weighted
average of the current productivity, A;, and the future expected productivity, A, where the
weight on A; decreases with g.

The problem of the firm of type j € {1,...,J} who has access to the capital market at
time ¢ is maxy>o {—k + v;4(k)}. By substituting v, (k) by its expression given by (34), it

can be rewritten as:

L B r+a(l—mn) i 18,8
ki, = arg rilggc{ rk + L ey ey 5)9] AK,77kKP b (36)

The novelty relative to the problem of a firm in a frictionless market is the term between
squared brackets on the right side. This term, which is greater than one, captures the fact
that the firm can only readjust its capital infrequently, at effective rate a(1 — ), while

productivity is growing at rate (1 — 3)g. The first-order condition is

o (k' Blrrali-n)
g ‘(m) rra—n (-5 (37)

for j € {1,...,J}. Provided r > (1 — 8)g — a(1 — n), the demand for capital is positive.

It increases with the effective productivity of the firm, Aj, which itself depends on market
structure via @ and n. Productivity growth, (1—/)g, affects the aggregate demand for capital
through two channels. First, there is the capitalization effect that reduces the effective
discount rate and tends to increase the demand for capital. Second, productivity growth
generates a mean-preserving decrease in the spread of {flj}, which reduces the aggregate

demand for capital.
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4.2 Distribution of firms

The capital of a firm is determined by the last time it accessed the capital market, ¢t — 7,
and its productivity at that time, ¢ € {1, ..., J}. In order to determine the balanced-growth
distribution of firms, I allow ¢ — 7 to be negative, i.e., a firm’s last access to the market
can be arbitrarily far in the past. Given (i, 7), the firm’s capital corresponds to its optimal
choice the last time it accessed the market at time ¢t — 7, k;;_.. Here, k;;—, = e797k; , where
ki is defined by (36) and is proportional to K;, thereby growing at rate g. Therefore, the
state of a firm at time t—its capital and its current productivity—can be identified with the
triplet, (z,7,7) € {1,..., J}* x R*. The following lemma provides a closed-form expression

for the distribution of firms across states (i, j, 7).

Lemma 3 (Distribution of firms.) Let v(i,j,T) denote the density measure of firms of
type (i,7,7) € {1,...,J}* x RT. It is equal to

v(i,3,7) = ae” [e_’\T]I{i:j} +(1— G_AT)WJ'] . (38)

The density measure of firms who contacted the market at time ¢t — 7 and were of type
1 at that time is m;ae™®", where I used the independence between the firm-broker matching
process and the process for idiosyncratic productivity shocks. The density of the former
is an exponential distribution with parameter o while the distribution of the idiosyncratic
productivities is {m; }7_,. If the current type of a firm is j # 7, then the firm had to experience
at least one productivity shock over the time interval (¢t — 7,t), with probability 1 — e™*",
and the realization of the last shock was j with probability 7;. If the current type is j = 1,

it is also possible that the firm did not experience any shock, with probability e=*7.

The total capital held by firms with idiosyncratic productivity j is

K= ). /szi,t;y(z’,jﬁ)dﬂ vie{l,..,J} (39)
}

ie{l,....J

In the following lemma, K, is computed in closed form.

Lemma 4 (Distribution of capital.) In a balanced-growth path equilibrium, the share of

the aggregate capital stock held by type-j firms is equal to

Bla(1 — ) +71] .
a{r[r—u—mgw(l—n)}} A A

K; M

K :g—l—a—ir)\

(40)
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4.3 Equilibrium real interest rate

I close the characterization of the equilibrium with the determination of r.2> Market clearing

requires that
J
« Zﬂ-]‘kjvt = (Oé + g)Kt (41)
j=1

The left side represents the demand of capital emanating from firms accessing the market at
rate a. The measure 7; of firms with productivity A; demand £;;. The right side corresponds
to the supply of capital. By the law of large numbers, a firm who accesses the market holds
on average the mean of the distribution of capital across firms, K;. In addition, capital
producers supply K, = gK; units of new capital per unit of time.

Substitute k;, by its value in (41) to show that the real interest rate solves

1 o
r = [Oé( 7]) + T] X ( o ) X 6 < 7;*’ (42)
r—(1-Bg+al-—n) \atyg ,
N -~ 7\ ~~ < knowledge externality

Gordon capitalization effect congestion effect

J 1-5
N 1
TA'* = < E 7TjAj16> .
Jj=1

I now compare the expression for r given by (42) with the first-best value, 7*, given by (31).

where

The last term on the right side of (42), #*, is a CES aggregator of individual productivities
similar to r*. In the decentralized equilibrium, 7* is constructed from the effective produc-
tivities, Aj, instead of the current ones, A;. These effective productivities are endogenous
and depend on r. Using that { (flj, 7rj)}‘j]:1 is a mean-preserving reduction of the spread of
{(A;,7;)}]_,, together with the observation that 2T is a convex function, #* < r*.

The term, [, scales down 7* because firms and households do not internalize the effect
of their capital and financial wealth accumulation decisions on aggregate productivity. The
share, 3, is the elasticity of the firm’s output with respect to its own capital.

The second term on the right side of (42), [a/(c+ g)]' ™", is a congestion effect that
captures the negative pressure that the flow of new capital, g, exerts on the real interest rate.
Indeed, in the presence of trading frictions, only a flow of firms of measure adt accesses the
market over an infinitesimal time interval of length dt. As a result, the flow of new capital
goods produced during that time interval, gdt, raises the supply relative to the demand,

which tends to reduce r.

23In the supplementary appendix, I describe a different but equivalent approach to market clearing accord-
ing to which the mean of the distribution of capital holdings across all firms must be equal to the aggregate
capital stock, Kj;.
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Finally, the first term on the right side of (42) is a capitalization effect, akin to the one
in Gordon’s formula, that scales the real interest rate up. It accounts for the fact that the
productivity of capital is growing between two consecutive accesses to the market.

If the primary capital was frictional, where capital producers meet primary brokers with
bargaining power 7, at rate «q (see Supplementary Appendix), then the price of capital in
the inter-broker market would be equal to px = 1+ 7/ [ag(1 — 71,)], which would tend to
depress capital demands by firms and push the real interest rate downward.

In any equilibrium, r is a solution to (42) where g = (r — p)/6. It must satisfy r > p,
so that the growth rate is positive, and r > g, i.e., 7(1 — #) < p, so that the representative
household’s lifetime utility is finite. The equilibrium has a simple recursive structure. The
real interest rate is determined by (42), which gives the growth rate of the capital stock, g.
Given r, (37) determines the demand for capital and (38) gives the distribution of capital
across firms. The following proposition provides sufficient conditions for the existence of an

equilibrium.

Proposition 5 (Existence of equilibria with capital market frictions and learning

externality.) If

J 1 N1-p
3 [p+ (Ll —n)]Aj+AA 7

J=1

and either 0 > lor 0 <1 and

> - G e RS 4 (725 )
(44)

then there exists a balanced-growth equilibrium. The equilibrium real interest rate is bounded

above by r* given by (31).

According to (43), if @ > 1, an equilibrium with positive growth exists provided that the
rate of time preference is lower than a linearly homogeneous function of firms’ productivities.
If # < 1, an additional condition, (44), guarantees that the lifetime utility of households is
bounded for all t < +o0.

4.4 Limiting cases

I study several limiting cases in order to disentangle the roles played by the knowledge
externality, market frictions, and the idiosyncratic productivity risk in the determination of

the real interest rate and the allocation of capital across heterogenous firms.
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Proposition 6 Consider the following limiting cases.

1. Vanishing learning externality. As f — 1,

s Ar+a-n}tA,+2A
r%é:n%AJ— r+a(l—n+X (45)

The share of capital allocated to firms of type j € {1,...,J} is

Kj_ g—i—a )\7Tj

Ijjey + ———.
7 g+a+ A

_ . 46
K gtatiV (46)

2. Frictionless limit: Non-monopolistic brokers. Suppose n < 1. As a — +00,

J S\ P
r— B (Z ij;B> = Br*. (47)
j=1

The share of capital allocated to firms of type j € {1, ..., J} is

K; —%
fj == = % (48)

3. Frictionless limit: Monopolistic brokers. Suppose n = 1. As a — 400, 1 tends to a

solution to

J 1P
T—Pzﬁ 5{2”]’ [AJ(T)}I_[}} —P| (49)

j=1
e (0= (1= B + (1= o} A; + 0\
2 R LA [ ¥ S + L —=0)ps A; +
Ai(r) = : 50
0= == A+ (1- Ao+ A 0
The share of capital allocated to firms of type j € {1, ..., J} is
% - —jjA;f - (51)
Zj:l WJA;_B
4. Vanishing idiosyncratic risk. As A; — A for all j € {1,..., J},
a(l—n)+r a ' _
A : 52
rﬁp&(l—n)JrT—(l—ﬁ)g/ \(aﬂi) /X 22 (52)

~~ : frictionless rate
Gordon effect congestion effect
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The first part of Proposition 6 shows that the equilibrium when 5 — 1 coincides with the
one from Section 3. As the knowledge externality vanishes, the real interest rate approaches
maxj{flj}. According to (46), some capital is misallocated in that it is held by less productive
firms. The first term on the right side represents the (re)allocation of capital towards the
most productive firms — those of type J. It is composed of the new capital produced at rate
g and the existing capital that returns to the market at rate . The second term represents
the idiosyncratic shocks that redistribute the capital randomly across productivity types at
rate \.

According to the second part of Proposition 6, as trading frictions vanish, the real interest
rate approaches the product of r*and (. This result is a generalization of Romer (1986) in
an environment with heterogenous firms. Firms do not internalize the effect of their capital
choice on the creation of knowledge. As a result, firms underestimate the rate of return of
their investment in capital goods. However, from (48), the share of K; that is allocated to
firms of type j coincides with the capital share in the first-best allocation.

The third part of Proposition 6 also considers the limit as search frictions vanish but it
assumes that brokers are perfect monopolists with full bargaining power and information. It

can be seen from (49) that
J L\
r> (Z mAﬁ) .
j=1

The right side corresponds to the Walrasian real rate in (47) where A; has been replaced with
Aj. Thus, in general, r does not converge to the Walrasian real interest rate, Sr*. However,
it is not necessarily the case that r is less than gr* at the limit. Indeed, since flj — Aj as
A — 0, it is possible for r to be greater than the Walrasian rate, 57*, when the idiosyncratic
risk is small. T will return to this result later. From (51), the share of capital operated
by firms of type j has a similar expression as the first-best share, (32), where A; has been
replaced with Aj. So, even though search frictions vanish, capital remains misallocated.
The fourth part of Proposition 6 gives the expression for r in the absence of idiosyncratic
productivity shocks, when A; — A for all j. Frictions in the capital market are relevant, as
shown by the first two terms in (52), because, in the presence of a growing TFP, firms would
like to readjust their capital stock continuously over time. The competitive real interest
rate, BA, is multiplied by two factors. The first factor corresponds to a capitalization effect.
This term is greater than one because productivity growth induces firms to front-load their
demand for capital. The second term is a congestion term that is less than one because

limited participation of firms in the market tends to depress demand.
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4.5 Misallocation

In accordance with Section 3, I distinguish two forms of misallocation.

Dynamic misallocation From Proposition 5, r < r*, which implies that the equilibrium
rate of capital accumulation is lower than that in the first best. This inefficiency persists in
a frictionless economy. Indeed, from Proposition 6, the equilibrium real interest rate in a
Walrasian economy is fr* < r*. Relative to the case where there is no learning externality,
the real interest rate does not always increase when market frictions are reduced and it can
be larger than the frictionless value.

Let’s start by explaining why market frictions have an ambiguous effect on 7. I mute the

congestion term in (42) by considering the case where « is large relative to g and I rewrite
(42) as

_1 J . 1-8
S S hal )

j=1
where I used that af/ (af + r — p) — 1. Consider an increase in 7. Whenever a firm accesses
the market for capital goods, it anticipates the holdup problem it will face in the future when
readjusting its capital. There are two distinct considerations when responding to this holdup
problem. First, firms hedge against future idiosyncratic shocks by taking a position that is
closer to the average value for A;. Formally, as n increases, /lj increases if A; < A and it
decreases if A; > A. Thus, an increase in 7 generates a mean-preserving reduction in the
distribution of effective productivities, Aj. From (53), using that A;%B is a convex function
of flj, the reduction in the dispersion of effective productivities pushes » downward.

Second, firms anticipate that they will demand more capital in the future, for a given
A;j, due to a growing aggregate productivity. They mitigate the associated holdup problem
by frontloading their demand for capital. This effect, which is captured by the first term
on the right side of (53), contributes to a higher real interest rate. When the idiosyncratic
productivities, A;, are very concentrated, the second effect can dominate.

The following Proposition establishes that r can be larger than its Walrasian value for

the case when the distribution of productivities is degenerate.

Proposition 7 (Holdup and real interest rate.) Suppose A; = A for all j € {1,...,J}.
Moreover, n = 1 and € (1 —0,1). There exists a ag > 0 such that for all « > «p, the

equilibrium real interest rate is greater than the Walrasian real interest rate, i.e., v > [A.

If brokers have all the bargaining power and the capital market is not too illiquid, then the

real interest rate is greater than the one in a Walrasian economy. So, a high bargaining power
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reduces the dynamic misallocation. This result may initially seem surprising, as one might
expect that when brokers are able to extract the entire surplus from their trades with firms,
the rate of return on financial wealth would decline, moving even farther from the first-best
outcome. However, it is important to recall that this result arises under the assumption that
capital producers can trade competitively in the interbroker market and, furthermore, there
is no static inefficiency when firms trade with brokers—the main inefficiency manifests itself
through an intertemporal holdup problem. As a result, the incentives to produce capital
remain present. The next corollary shows that reducing brokers’ bargaining power from

7 = 1 can reduce households’ welfare.

Corollary 2 Suppose 0 > 1, Aj = A > p for all j, and o — +oo. Initially, brokers are
perfect monopolists, n = 1, so that r > SA. If n falls unexpectedly below one, then the

representative household is worse off.

In Corollary 2, I focused on the case where search frictions are asymptotically non-existent
so that there are no transitional dynamics to take into account in the welfare calculation.
In the absence of idiosyncratic risk, households can be made better off by allocating more
bargaining power to brokers. However, there is a social cost when the distribution of A; is

nondegenerate: capital is not distributed so as to maximize output.

Capital misallocation. From (40) and (64), the share of K, that is allocated to firms of

type j is
N 1
K. . A . . mi AP
fj = Ej + ﬁ <7Tj — E]) Where Ej = ]—]1 (54)
Q J -
g Zj:1 WjA; ’

The first term on the right side of (54), éj, describes the allocation of the capital among the
firms accessing the market at a given point in time. The share of capital received by type-j
firms is analogous to the first-best share, =%, defined in (48), where current productivity,

A

corresponds to the misallocation generated by the occurrence of idiosyncratic productivity

j, is replaced with effective productivity, Aj. The second term on the right side of (54)

shocks. Those shocks allocate the capital to type-j firms according to the shares, ;.

Proposition 8 (Capital misallocation.) In equilibrium, the share of capital allocated to
the least productive firms is too high, while the share of capital allocated to the most productive

firms is too low.

I now measure the degree of overall capital misallocation by the loss of output for a given

capital stock, K, relative to the first best. At the first-best allocation, the average output
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per unit of capital is
J 1-8
TFP* = Y _ Aﬁ
K, > mid, : (55)
j=1
It is the maximum output that can be obtained from a given capital stock, K. In equilibrium,

the output per unit of capital is

400
TFP = / S A k(i )dr, (56)

7.] 6{17 bl }

where k; = k; /K, is given by (37). The right side of (56) sums the output of all firms across
the distribution of states, (i, j, 7). The output of a firm in state (7, j, 7) normalized by K;
is A] (k’i’t_T/Kt)ﬁ = Aje_ﬁng;f.

Proposition 9 (Static misallocation.) If a and )\ are large and if n = 0, then

J L\ P
TFPz(ijA;B> . (57)

A decrease in o or an increase in A generate an increase in M 1Sy = (I'FP* —TFP) /TFP*.

4.6 A calibrated example

I illustrate the results above with a calibrated example. The parameterization of the model
is summarized in Table 2. The unit of time is a year. I set p = 0.01 and 6 = 2. I use the
average productivity, A4, to target g = 2%. The technology is A;K'~?k® where 3 = 0.4. The
process for the idiosyncratic productivity shocks is analogous to the one in Cui (2022). I
target a measure of capital reallocation of 2% of firms’ total assets annually (Eistfeldt and
Shi, 2018), which gives n = 0.93. I set a = 2 based on different sources for the turnover
of machines and equipment. I will vary « and 7 to check the robustness of the results.

Additional details are provided in the supplementary appendix.

Parameter Explanation/Target Value
p rate of time preference 0.01
0 intertemporal elasticity of substitution 2
15} capital share 0.4

(Ap, Ag) Dispersion of firm productivities and growth rate (0.089,0.146)
(mu,m) Representation of US plant-level productivity as AR(1) (0.5,0.5)

A Persistence of US plant-level productivity 0.5
«Q Time to sell machinery equipment 2
n Capital reallocation 0.926

Table 2. Calibrated parameter values
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For these parameter values, the competitive real interest rate is r° = 4.79%, which is
less than the equilibrium value, » = 5%, while the first-best rate of return of capital is
r* = 12%.2* The equilibrium growth rate, g = 2%, is also larger than the one in the

frictionless economy, ¢°¢ = 1.89%.

Real interest rate and market frictions The left panel of Figure 3 plots r as a function
of a. The relation between r and « is monotonically increasing when 1 = 0 but it is decreasing
over some range when the broker’s bargaining power is high (n = 0.93 or n = 0.99). Thus,
advances in trading technologies that reduce search frictions in the capital market do not
necessarily lead to higher economic growth rates. If the market for capital goods is rendered
frictionless, by taking the limit as « goes to +oo, r falls by about 0.2 percentage points and
g falls by about 0.4 percentage points. So, maybe surprisingly, making the market for capital

goods more liquid hurts economic growth.

Figure 3: Real interest and capital market frictions

The right panel of Figure 3 shows r as a function of . Over a large range of values for
7, r increases with 7, and this increase becomes particularly steep as n approaches one. For
example, under the benchmark calibration, when 7 increases from 0.93 to 0.99, r rises by
more than one percentage point. Even though the holdup problem is made more severe, the

rate of return of financial claims, and hence the growth rate of the economy, increase.

Misallocation The top panels of Figure 4 depict the demand for capital by firms accessing
the market, while the bottom panels report the shares of the total capital stock operated by

firms with different levels of productivity. As trading frictions decrease, both the demands

24Getting B = 0.4 generates a strong learning-by-investing externality. As a result, there is a large difference
between the competitive real interest rate and the first-best one. It is consistent with some studies, e.g., De
Long and Summers (1992, p.159) “find that equipment appears to have a very high net social return-in the
range of 20 percent per year; more than half of this comes from increased TFP”.
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and the shares become more disperse. The most productive firms demand more capital,
except when « is very low, whereas less productive firms demand less. Conversely, as brokers’

bargaining power increases, the demands and shares become more concentrated.

K, 3
K K
g :
1.1 L1
1.0f 1.0
0.9 0.9 J
0 0.8
02 04 06 08 10’
K K
K K
0.60} 0.60F = H
0.55 0.55-\\
0.50 0.50!
0.45 0.45} j=1L
0.40} /
02 04 06 08 10

Figure 4: Top panels: demand for capital for firms of productivity type j; Bottom panels:
share of total capital held by firms of productivity type j.

Figure 5 plots the measure, M ISy, of the output that is lost relative to the first-best
allocation due to the misallocation of capital, taking K; as given. For the benchmark cali-
bration, the loss of output is about 1.2%. It increases to about 1.5% if « is divided by 2 and
it falls to 0.85% if «v is multiplied by 2. If 7 increases to 1, then the misallocation loss rises
to 1.7%.

Welfare gain from eliminating market frictions 1 measure the welfare gain from
removing market frictions by determining the fraction, A, of future consumption that house-
holds would be willing to forego to live in an economy with a frictionless capital market,
where a(1 —n) — 400, compared to an economy with a frictional capital market. (See
the Appendix for a closed-form expression for A.) It should be noted that moving from an
equilibrium with @ — +o00 involves no transition since capital can be reallocated instantly
across firms.

Figure 6 plots A as a function of market frictions, a and 7, for different values of [,

which determine the magnitude of the learning externality. The plain curves correspond to
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the value of § used in the benchmark calibration, 5 = 0.4. The left panel shows that A is
nonmonotone in «. It is negative when « is sufficiently low (but not too close to 0) and it is
positive when « is above some threshold. Thus, removing market frictions is beneficial when
the market is not too illiquid and it can be harmful otherwise. If n is set at its calibrated
value, the o that maximizes household’s lifetime utility along a balanced growth path is
slightly above 0.2. In the right panel, the welfare gain from removing frictions is positive
when 7 is below a threshold value and it is negative as 1 approaches one.

The dashed and dotted lines correspond to § = 0.6 and S = 0.8, respectively, so that

° In the left panel, A is positive for all a. So, if

the learning externality gets weaker.?
the learning externality is not sufficiently strong, eliminating market frictions is welfare
improving. Moreover, the welfare gain can be sizeable. For instance, if 5 = 0.8 and « is less
than one, then the welfare gain is greater than 10%. The right panel, where A is plotted

against 7, has a similar message.

5 Endogenous market structure and growth

I now study the relationship between misallocation and growth when the micro-structure
of the capital market and misallocation are jointly determined. For this, I endogenize «,
the speed at which firms can access brokers.?® I interpret a as the outcome of a general
matching function between firms and brokers and I allow for free entry of the latter. For
this extension, I set 5 = 1 and return to the model of Section 3 in order to show that the
knowledge externality is not needed to obtain a nonmonotone relationship between r and
market frictions.

The rate at which a firm meets a broker is given by an increasing and strictly concave
function, a(b), where b is the measure of brokers per firm. It is such that «(0) = 0, a(400) =
+00, o/(0) = +00, and o/ (+00) = 0. Since meetings between firms and brokers are bilateral,
the rate at which a broker meets a firm is a(b)/b. Brokers who participate in the market
incur a flow cost, kK with £ > 0. In order to obtain a balanced growth path with a constant

«, this entry cost is proportional to the aggregate capital stock.?”

%5In the Supplementary Appendix, I set 5 = 0.75 and I recalibrate the model. As in Figure 3, the effects
of a and 1 on r and g are nonmonotonic. The static misallocation dominates and the welfare gains from
removing frictions, A, are always positive.

26Pagnotta and Philippon (2018) consider a related environment where trading venues make investments
to compete on speed. In the Supplementary Appendix, I endogenize the other dimension of the market
structure, the bargaining power of brokers, by allowing them to invest in their bargaining strength.

27 Alternatively, one could assume that a broker who enters incurs a one-time setup cost. The presence of
such fixed cost can give rise to multiple equilibria.
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Figure 5: Misallocation measured by the loss of output relative to the first best.
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Figure 6: Welfare gain from removing frictions in the market for capital goods.
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From (15), the value of a broker who participates in the market solves

ab) n(Ag—AL) K
b r+ A+ ad)(l—mn)

rw=—kK + + . (58)

The broker meets a firm at rate a(b)/b. The firm has low productivity, with probability
7, and its average capital is K /7. The gain from reallocating one unit of capital from a
low-productivity firm to a high-productivity one is (Ay — Ap) /[r + X+ «(b)(1 —n)]. The
broker captures a share ) of that gain. The last term on the right side of (58) is the increase in
the value of the broker over time. Free entry implies w; = 0 for all t. Thus, after substituting

k:, by its expression, (58) can be rewritten as

b _ QT] (AH—AL) )\ﬂ'L (59)
ab)  [r+AX+a®d)@ =] {A+a®)]0+r—p}r

Equation (59) determines the measure of brokers, b, as a function of 7. The left side is
increasing in b from 0 to 400 as b varies over R*. Assuming n > 0 and r > p, the right side
decreases from a positive value to 0 as b rises from 0 to 400 due to two effects. There is a
competition effect according to which, for given l%L, the broker’s revenue falls as the measure
of competitors increases provided that n < 1. In addition, k;. decreases as b increases. Hence,
for all r such that r — p > 0, there is a unique b solution to (59). Moreover, the right side of
(59) is decreasing in r for all > p. Hence, b is a decreasing function of r.

From (24), the real interest is determined by

Crad) (1 —n)] Ay + 1A
S T i tab)(i-n) (60)

Assuming 1 < 1, the real interest rate solution to (60) is an increasing function of b. When
b= 0, r=ry solution to r = (rAx + AA)/(r + A). As b tends to +oo, r approaches Ag. If
n =1, then r = rg for all b > 0. An equilibrium is a pair, (b,r) € RT X (p, +00), solution to
(59)-(60) and such that r < p/(1 —0) if 6 < 1.

The determination of the equilibrium is represented graphically in Figure 7. The curve
labelled F'E corresponds to (7). As r increases, the discounted profits of the brokers fall, and
hence b falls. The curve labelled R corresponds to (60). As the measure of brokers increases,

the misallocation of the capital decreases, and the real interest rate increases.

Proposition 10 (Endogenous intermediation in the capital market.) Suppose p =~ 0,
0> 1, andn € (0,1). There exits a unique balanced-growth path equilibrium and it is such
that r € (7"0, AH)

1. A decrease in the entry cost, k, raises b, r, and g.
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> 7

Figure 7: Equilibrium with free-entry of capital market intermediaries.

2. Asn—0orn—1,1r— 19 whererg € (/_X,AH). For allm € (0,1), b> 0 and r > ry.

The parameter x can be interpreted as a measure of the barriers to entry. A decrease
in x shifts the F'E-curve upward. The measure of brokers, the real interest rate, and the
growth rate increase. The second part of Proposition 10 describes the effects of a change in
brokers’ bargaining power, 7, on r and g. As 7 increases, the F' E-curve shifts upward while
the R-curve shifts to the left. The effect on r is a priori ambiguous. If n = 0, brokers do not
enter, the capital is not reallocated, and r = rq. If n = 1, the holdup problem is so severe
that firms get no surplus from accessing the capital market. As a result, r = rq. For all
values of 1 between 0 and 1, b is positive and r is greater than ry. So, r is a nonmonotone

function of n that achieves a maximum for some n* € (0,1).

a(b)
2.5
2.0}
1.5}
1.0}
0.5k

Figure 8: Effects of brokers’ bargaining power on the real interest rate and firms’ access to
the capital market. The matching function is a(b) = 2b%. The parameters are p = 0.01,
0=2,k=001,A=2 Ay =0.1, A, =0, 71y = 0.5.



Figure 8 provides a numerical example. The matching technology is a(b) = agb®, where
¢ € (0,1) is the elasticity of the matching function, which measures the contribution of
brokers to the matching process. In the left panel, the relation between r and 7 is hump-
shaped. The real interest rate, and hence the rate of growth of the economy, reaches a
maximum for some n* between 0 and 1. The reason is that brokers play a social role to
reallocate capital across firms of different productivity levels, thereby enhancing the rate of
return on financial claims. By a logic similar to that underlying the Hosios condition, for a
given stock of capital, K;, brokers’ private incentives are aligned with their social role if n
coincides with the elasticity of the matching function, £&. Thus, the greater £, the greater n*.
However, because n generates a holdup problem that distorts the real interest rate, n* is less
than .
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Figure 9: Misallocation and growth under broker entry

In Figure 9, I report the measure of misallocation given by (28) and the growth rate of
the economy as a function of 7. From the left panel, misallocation decreases with n due to
the positive effect on firms’ access to the capital market, «(b). In the right panel, there is
hump-shape relation between g and 7. Therefore, if 7 is close to one, a reduction in brokers’
bargaining power can simultaneously increase misallocation and the economy’s growth rate.

It is another example of the subtle relation between misallocation and growth.

6 Conclusion

This paper aimed at deepening our understanding of the relationship between the microstruc-
ture of the capital goods market, capital misallocation, and long-term economic growth. It
explored whether the frictions leading to an inefficient distribution of capital among firms
invariably hinder long-run growth. Additionally, it examined whether the recent shift toward

online platforms in the market could foster economic growth and enhance social welfare.
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In an AK model with heterogeneous firms, and in the absence of knowledge or investment
externalities, the answers to these questions aligned with intuition. Market frictions reduce
both the real interest rate and the economy’s growth rate. The same factors that cause cap-
ital misallocation—idiosyncratic productivity risk, search frictions, and brokers’ bargaining
power—also diminish the economy’s growth rate. A key insight of the model is to illustrate
how different frictions—the search friction and the bargaining friction—play distinct roles
in shaping TFP and the real interest rate. The search friction directly affects the share of
capital operated by less productive firms and hence TFP. In contrast, the bargaining friction
influences directly the rate of return of financial claims and the growth rate of the capital
stock but only indirectly capital misallocation and TFP. When search frictions are small but
brokers’ bargaining power is large, the real interest rate falls below the average productivity
of capital, which is close to its first-best value. Thus, my model can explain why there might
be little incentive to invest in one country despite its TFP being large.

In the presence of a learning-by-investing externality, as described by Arrow (1962) or
Romer (1986), the relationship between market frictions, misallocation, and growth becomes
more nuanced. While search and bargaining frictions still worsen the misallocation of the
aggregate capital stock across firms with different productivities, their impact on the real
interest rate and the economy’s growth rate is non-monotonic. Counterintuitively, tech-
nological advancements that improve the rate of capital reallocation across firms may not
necessarily enhance growth. Similarly, reforms that reduce brokers’ or dealers’ market power
can, under certain conditions, lower the economy’s growth rate. Even more strikingly, I
demonstrate that the growth rate of an economy with frictional capital markets can exceed
that of a Walrasian economy. These results arise because firms’ optimal responses to mit-
igate capital market frictions tend to alleviate the knowledge externality linked to capital
accumulation. From a welfare perspective, greater frictions may even correspond to higher
lifetime utility for households.

From a methodological perspective, this paper developed a model of endogenous growth
featuring heterogeneous firms and frictional capital markets. The model is remarkably
tractable, allowing for closed-form solutions for firm valuations, Tobin’s ¢, firms’ demand
for capital, the distribution of capital across firms, and the equilibrium real interest rate.
Possible extensions include incorporating entry by firm, examining alternative pricing mech-
anisms (e.g., auctions), exploring different descriptions of knowledge externalities, modeling
embodied technological progress, or introducing liquidity constraints and financial frictions.

Some of these extensions are discussed in the supplementary appendices.
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Proofs of the main propositions and lemmas

Proof of Proposition 2. The equilibrium real interest rate along a balanced-growth path
with positive growth is a r € (p, +00) solution to (24), i.e.,

r+a(l—n)] Ay + )\A.

r=RHS(r) AT a(l—1)

The derivative of the right side is

ORHS A (Ag—A4)

> 0.
or r+A+a(l—n)°

The slope is positive and it is decreasing in r, i.e., RHS"(r) < 0. So RHS is an increasing

and concave function of r. Moreover,

a(l —n)Ag + A -
€ (A A
a(l—n)+ A (4, An)

RHS(0)

Hence, there is a unique r > 0 solution to (24) and it belongs to (f_l, AH). The solution is
such that r > p if and only if RHS(p) > p, i.e.,

[p+a(l =) Ax +A\A
p+A+a(l—mn)

This condition can be rewritten as (26).

The lifetime utility of the household along a balanced-growth equilibrium is

00 —0 -
/+ e Pt (Coegt)l dt = Cé ' ;
0 1—0 (1-=0)[p—(1-0)g]

is bounded if p—(1—0)g > 0, i.e., p+ (6 —1)r > 0, where I used the Euler equation according
to which g = (r — p)/6. It is also equivalent to r — g > 0. If § > 1, this inequality holds for
all » > 0. Suppose 6 < 1. The condition r — g > 0 can be rewritten as r < p/(1 — 6). This
inequality holds if and only if RHS (p/(1 —0)) < p/(1 —0), i.e., (27) holds.

In order to obtain the comparative statics, I make use of the graphical determination of
r, denoted r°, in Figure 2. The RHS increases as « increases, 1) decreases, or A\ decreases.
Hence, 0r/0a > 0, Or/on < 0, and Or/0X < 0. =

Proof of Lemma 2. I decompose the value function as illustrated in Figure 10:

vj(k) = Fj (k) + B e " T max {vyp(k) — (K — k)}|, (61)

k'>0
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where Fj. (k) = E [ftT e*T(S*t)KSl*/BAI(S)des is the expected discounted sum of output
flows until the next effective meeting with a broker at time 7', where T — t is exponentially
distributed with mean 1/«(1 —17), and z(s) is the idiosyncratic productivity type of the firm
at time s € [t,T] with z(t) = j. The second term on the right side of (61) is the expected
discounted value of the firm at time 7" when it has the opportunity to readjust its capital.
The firm invests &' — k and its continuation value is v, (k") where 7' = (T) € {1, ..., J}

is the idiosyncratic productivity type at time 7'. The expectation is taken with respect to
(T, 5").

} cumulative output I > time

{ T

effective access
to the market

Figure 10: Recursive dermination of the value of a firm

Since aggregate productivity grows at rate (1 — 3)g, I detrend cumulative output by

defining
Fj(k) e PIE; (k)

T
— (=Bt {/ e—r(s—t)6(1—/3)98_;(&—514:0(5)kﬁds}
t

T
_E { / OBl 15 4 kﬁds} |
t

where to obtain the second equality I used that K, = ¢9° K, and to obtain the third equality
I rewrote e(1=P)95 = (1=B9(s=t)(1-Flgt  Using the change of variable, u = s — ¢, and the fact

that the distribution of T" — ¢ is exponential,

_ +o0 z
F;(k) = /0 a(l — n)ea(ln)z/o e’[T’(lfﬁ)g]“Kéf'BAw(Hu)kﬁdudz.

By changing the order of integration, it can be rewritten as follows:
0

Hence, Fj(k) only depends on ¢ through the initial idiosyncratic productivity state, z(t) = j.

It can be seen from this expression that F](k;) can be interpreted as the discounted of the
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output flows of the firm, A; Ké s , over an infinite time horizon where the effective discount

rate is r — (1 — 8)g + a(1l — n). It can then be written recursively as follows:

= (1= B)g+a(l =] F(k) = KK + A3 m [k - B(R)] . (62)

Multiply by m; both sides and sum across j’s to obtain:

- AK, kP
2 iy (k) = r—(1-=p)g+a(l-n)

Substitute this expression back into (62) to obtain:

[r= (1 =B)g+all—n]A4; +IA }Ké‘ﬁkﬂ.

F (k) =
i) {[T—(1—5)9+a(1—n)+>\] [r—(1=8)g+a(l—n)
Using the definition for Aj in (35), i.e.,

Gl -Bgtal—p]4, A
! r—(1=B)g+al—n+r

the solution can be rewritten as

ARk
r—Q@1=p)g+all-n)
The first term on the right side of (34) is equal to Fj,(k) = e'=P9 (k) where F;(k) is
given by (63). The second and third terms correspond to

T

i(k) = (63)

E |e T max {vjr(k)— (K — /{:)}} =E[e"T D] k+E |e T max {vjr(K) =K},

The first term on the right side is the discounted value of the capital that can be liquidated
at price one at time 7T'. Using that T' — ¢ is exponentially distributed with mean 1/a(1 — n),

+00 1—
E [G*T(T*t)] — / Oé(l o n)efa(lfn)sefrsds _ O[( 77) .
0 T+ Oé(l — 77)

Hence, E [e""")] k = a(1 — n)k/ [r + (1 — n)]. The second term on the right side of the

equation above,

A, =E {e’"(Tt) nax {vjr(K) =K},

corresponds to the firm re-optimizing its value by choosing £&’. It is independent of k. =

Proof of Proposition 5. By substituting g = (r — p)/6 into (42) one obtains
r=RHS(r), (64)
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where

J 1-5
B 05 [a(1 —n)+ 7] ab ; 5
RHS(r) = ri0—1—p8)]+(1—B)p+0a(l—n) {aew—p;”j [AJ'M }

and where, from (35), with a slight abuse of notation,

L= 0= =B)+ (1= B)p+ba(l—n)} A+

A4(r) = rl0— (1 =p)+ (1= B)p+0a(l—n)+ 06X )

In order to establish that a solution exists and is such that » > min{p, g}, I distinguish three
cases.
Case #1: 0 > 1. The term 6 — (1 — 3) is positive. For all » > p, RHS(r) is a continuous

function, where I used that Aj (r) is continuous for all r > 0. As r — +o0,

05 (1 —n) +7] 05

— ———— € (0,+00
-+ (- Dprdali—n  g-0-p5
J 1
af P 5
a@—l—r—pZWj [Aj(r)] -0
where I used that
Hence, lim, ;o RHS(r) = 0. A sufficient condition for the existence of a solution to

r = RHS(r) such that r > pis RHS(p) > p, i.e.,

J R
5{Zﬂj[/ij(/))}l_ﬁ} > p.

7j=1
By replacing /lj (p) by its expression given by (65), i.e.,

- _ptral—n)]A4;+ A
A0 = ptal—-n)+Xx "~

one obtains (43). The condition r > g = (r — p)/6, i.e., (6 — 1)r + p > 0, is automatically
satisfied when 6 > 1.

Case #2: 1 — <6 < 1. Since § — (1 — ) > 0, RHS(r) is continuous in r for all r > p.
As in Case #1, a sufficient condition for » > p is RHS(p) > p, i.e., (43) holds. The
condition, r > g, can be rewritten as r < 7y = p/ (1 — ). A sufficient condition for r < 7y
is RHS(7y) < Ty, i.e., (44) holds.

Case #3: 0 <1 — . Given that § — (1 — () < 0, the denominator of RH S(r) approaches
0% as r approaches 7o = [(1 — 5)p + 0a(1l —n)] /[1 — 5 — 0] > 0 by below. It can be checked
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that rq > 7y, i.e.,

(=Blpt+bal—n) _»p
1-3—6 1-6

= [1=8)p1—=0)+0a(l=n)(1—-0)>p(l-F-10)
<~ fp+a(l—n)(1-06)>0,

where I used that 1 — 6 > 5 > 0. Hence, as in Case #2, the conditions RHS(p) > p and

RHS(Tg) < Ty, i.e., (43) and (44), guarantee that there exists a r € (p, 7).

Next, I establish that any solution to (64) that is such that » > min{p, g} is bounded
above by r* defined by (31). Consider the first term on the right side of (64),

05 (a1 —n) +7]
rlf— (1 =8+ A =p)p+ba(l—n)

The derivative with respect to [ is

W(B;r)

0 la(l —n) +r][r —g+a(l—n)
{rl0—Q0-=5)1+QQ=8)p+0a(l—n)}
Moreover, limg_,; U(3) = 1. Hence, for all r > min{p, g}, and for all 5 < 1, ¥(5) < 1. Thus,

from (64), s
r< {ij [Aj(r)}llﬁ} :

j=1

'(B;r) =

5 >0 for all r > g.

From (65), the transformation from {Aj}jzl to {Aj}le is a mean-preserving decrease in

o, i
spread. Since x7-7 is a convex function for all § < 1,

It follows that r < r*. m
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APPENDIX A.
PROOFS OF OTHER LEMMAS AND PROPOSITIONS

Proof of Proposition 3. The planner’s problem is:

+o0
Pl (Cdt 66
Ct,Mt,HI}i?tivKL,t/o ¢ U( t) ( )
st. Ky = w X (C,Kpy, Kpg) + M MuKp, — (Mg + o) Kiy (67)
Kpi = (1= p)Y(C, Kyy, Kpy) + MKy — Mg+ a) Kiy, (68)

where
T(C,KH,KL) = AHKH+ALKL —C+Oz(KH+KL)

is the flow of goods that can be allocated in the form of capital to type-H and type-L firms.
It has two components. First, there is the new capital, which is equal to total output net
of consumption, Ay Ky + ALK, — C. Second, there is the existing capital that becomes
available to be reallocated, o(Kpy + K1). According to (66), the planner maximizes the
lifetime discounted utility of the representative household by choosing the time-paths for
consumption, Cy, the share of T that is allocated to high-productivity firms, p,, and the
aggregate capital stocks of high and low productivity firms, Ky, and Kr,. The terms
Ay K, and MKy in (67) and (68) correspond to the capital owned by firms that are
subject to idiosyncratic productivity shocks. The terms a Ky and oK, correspond to the
flows of capital that can be reallocated through brokers.

Necessary conditions. I apply the Maximum Principle to obtain the necessary conditions

for an optimum. The current-value Hamiltonian is H = u(C) + & g Ku+ €, Ky, where &

and £; denote the co-state variables. The optimal consumption satisfies

U,(Ct) = NtfH,t +(1— #t)gL,t vt > 0.
The first-order condition for y, is

1
1 if Y(Cp, K, Krt) (S —E14)

AV
[a)
g
%
=)

py € [0,
=0
The co-state variables solve

ng,t = fH,t (A + ) — (AL + )] + §L,t (1 — ) (A + ) + Amp] + éH,t
P§L,t = fH,t (1 (AL + @) + Ay + §L,t (1= p)(AL + ) — (Mg + a)] + éL,t?
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for all ¢ > 0.

Conjecture. I conjecture the solution is such that K, = AyK it + ALK — Cp >0 and
Euy > &, for all £. Hence, from the first-order condition above, p, = 1, i.e., all the capital
that is available for (re)allocation, T, is allocated to high-productivity firms. Under this

conjecture, the ODEs for {5, and &, , are given by:

Py = EgiAu+Am(€ry — ) + fH,t (69)
PfL,t = gH,tAL + Ay + ) (th - 5L,t) + éL,u (70)

for all ¢ > 0. The co-state, &, is the social value of a unit of capital invested in high-
productivity firms and it is also the marginal utility of consumption. From the right side
of (69), a unit of capital in type-H firms yields Ay units of consumption valued at &;. At
Poisson arrival rate Awp,, the firm’s productivity becomes low and the social value of capital
switches from &, to &;. Equation (70) has a similar interpretation with an additional term,
a(y — &;), corresponding to the social capital gain when the unit of capital held by a
low-productivity firm can be reallocated to a high-productivity firm at Poisson arrival rate
a.

I restrict my attention to solutions such that &, /&, = €, /&, = v is constant. From the
first-order condition for C, u/(C;) = &y, it follows that C,/Cy = g* = —v/0 for all t > 0.
I conjecture a balance-growth path solution such that K /Ky = K rt/Kr: = g*. From
(67)-(68),

Ct = AHKH,t + ALKL¢ + OéKt + )\T‘-HKL,t — ()\7TL + o+ g*) KH,t (71)
KL,t _ AT, (72)
Kt A4 a+ g* ’

for allt > 0. So, (71) determines Cy given (Kp o, K1 o). According to (72) a balanced-growth
path necessitates that the initial share of the capital allocated to low-productivity firms is
At/ (A + a+ g*). Combining (71) and (72),

Co=AuKpo+ ALK — 9" Kp.

Denote o = p — v = p + 0g*, which is the analog of r in the decentralized equilibrium.

One can rewrite (69) and (70) as follows:

QgH,t = 5H,tAH + )‘7TL(€L,t - th) (73)
QgL,t = gH,tAL + (Mg + a) <§H,t - fL,t)' (74)
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Solving (73)-(74) with respect to o and £, /&, I obtain:
(Q+>\7TH+06)AH+)\7TLAL

= 75

0+ A+« (75)

St _ Ap+ Aty +a (76)
fH’t Q‘{'/\'/TH"‘OZ ’

There is a unique ¢ > 0 solution to (75). Finally, using that {; , = u'(Co), (76) determines

10 as follows:
AL + )\7TH + o
SL,O =
Q‘F)\’/TH + a

Comparison to decentralized equilibrium. I compare o given by (75) to r given by (24).

Ul(Co).

They coincide if and only if n = 0. It follows that ¢* = ¢ if and only if = 0. Since Cj
is determined as in the decentralized equilibrium, if = 0, all real variables, C;, K¢, and
Ky, coincide with those in equilibrium. Similarly, the shadow price, £, /&, given by (76)
coincides with ¢, given by (11),

_Ap+Amg 4 a(l —n)
= r+Arg+a(l—mn)’

if and only if n = 0.

Sufficiency condition. I now check the Arrow sufficiency condition for optimality. The

Hamiltonian maximized with respect to u and C'is

A

H(Ky, KL, &p,81) = Iggé{{U(C’)—fHC}

+£H [AHKH—FALKL—FO((KH—FKL) —I—)\’/THKL — ()\’/TL—FOé) KH]
+€L [)\WLKH — ()\7TH+OZ)KL]

It is linear in Ky and K, and, hence, it is concave in (K, K1). Moreover,
. —pt . _[e=(=0)e];
lim e "¢y, Ky, = lim e =] EmolHo
t——+o00 t——+o00

where I used that

By assumption, p > Ay (1 —6). Hence, p — (1 —0)o > 0 and lim; o e "y, Ky = 0. By

a similar reasoning, lim;_, ., e "¢ Kz, = 0. So the proposed solution is an optimum. =

Proof of Proposition 4. Part 1: n < 1. From Proposition 2, r is bounded above by
Apg. The result that lim, ., ., 7 = Ay follows directly from (24), i.e.,

. . At (An — Ap)
a—1>I—&I-100T a—IH}OO{ " r+A+a(l—mn) "
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Given r, g is determined by (5). The share of capital allocated to high productivity firms,

ki, is given by (17). It approaches one as a« — +o0. From (8),

Qb](k) = 7](% - 1) max(k:’ - k)a .] S {L7 H}

k>0
Since px = qg = 1, intermediation fees for high-productivity firms are always 0, ¢, (k) = 0

for all k. Intermediation fees for low-productivity firms are given by (14). Thus,

. oy n(An = Ak
A ) = e et - )

=0,

provided that n < 1.
Part 2: n = 1. From (24), if n = 1, r is a solution to the following quadratic equation,

2+ (A= Ag)r — AA = 0.

The discriminant is positive, so the equation admits two roots. The product of the roots
is negative, so the roots have opposite sign. I focus on the positive root since r > 0 is a
necessary condition for an equilibrium with positive growth. When evaluated at r = Ay,
the left side is equal to A\(Ay — A) > 0. Hence, r < Ap. In closed form, the positive solution

is

L A=A V(A =) A
B 2

The growth rate, g, and the share of capital allocated to high productivity firms, I%H, are

Ag.

determined as in Part 1. Finally, the intermediation fees for low-productivity firms are

determined by (14),
k‘ =
o1(k) T+ A

For all k£ > 0, ¢, (k) is independent of o and bounded away from 0. m

Proof of Lemma 1.

The planner’s problem is:

+o00 . (ct)l—e .
max / err——dtst. =Y, — K;
{ct.kjt, K} Jg 1-16

J J
where Y, = Y " mA; KOk, and K, =) k.
j=1

j=1

The planner maximizes the lifetime utility of the representative household subject to law of

motion of K;, the definition of aggregate output as the sum of the output flows of a unit
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measure of firms divided into J types, and the definition of the aggregate capital stock. The
variable, k;;, denotes the capital allocated to type-j firms. In the absence of search frictions,

it is a control variable. The current-value Hamiltonian is

1-0

J J
c _
H(67K7kj>€7/1’)5 1_€+£< ﬂ-jAjKl Bkjﬁ_c) +/L<K_Z7TJ]€J) ’
=1 j=1

where £ is the costate variable associated with the law of motion for K; and u is the Lagrange

multiplier associated with the definition of K;. By the Maximum Principle,
(ct,{kj+}) € argmax H(ct, Ky, kjt, &, p1y) for all ¢.
The first-order conditions with respect to ¢; and k;, are:

() = €. VteR,
1—

KN\
BA; <k_i) = Lvjeq, ., vteR,.
75 t

The second first-order condition can be rexpressed as

1
kjt Et =F .
== = | f>A, Vjedl,..,J}, VteR,.
Kt <6Mt J J { 9 ) }7 +
Multiply both sides by 7; and sum across all j’s to obtain:
ARSI
1= (5;) > mAT VteR,.

Solve for the ratio p,/¢&,:

J N\
B gy maAr? Vi € R,
& T\&

Substitute y, /&, into the expression for k;,/K,; to obtain the share of the capital allocated
to firms of type j:

1
AT
mikie A

K, J =5
Zj:l 7TjAj

Vie{l,..,J}, VteR,.

It follows that aggregate output is equal to

J k" J 1 =7
j=1 7j=1
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From the Maximum Principle, the law of motion of the co-state variable, &,, are given
by:
P&y = & + éh
where I define

r* = l aH(Ctv Kt7 kj,fn £t7 :ut)

& oK,

4 kjt ’ Hy
= (1—5)]217%‘143' (E) e

J _1 =7
= Z’]TjA;_ﬁ .
j=1

The third equality was obtained by substituting k,,/K; and /&, by their expressions. It
follows that

é:p—r"‘ vVt € R,
&

Using the first-order condition, (¢;)~ = ¢&,, it follows that —6¢,/c; = &,/€,. Hence, the

growth rate of consumption is

In order for g* > 0, p < r*, which holds from (30). I consider the solution to the necessary
conditions such that ¢;/K; is constant. Hence, f(t /K; = g* and the initial consumption is
co =Yy — Ky =Yy — ¢*K,. Using that Y, = r*Kj,

‘o * *

—_— =7 —

K, g
It is positive if

P> (1 - 9) T*7

which holds from (30).
For sufficiency, I check the Mangasarian condition according to which H is concave in
(¢, K, k;) and
lim e "¢, Ky = 0.

t——+o0
Using that ft/ft =p—r"
e Ky = EgK e,

Since r* — ¢* > 0, limy_, o, 9" """ = 0, and the Mangasarian condition holds. m

Proof of Lemma 3. The density measure of firms of type (4, j,7) can be written as:
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v(i,j,7) = Pri(i,j,7)]
= Pr[j|(i,7)] x Pr[(i,7)],

by the definition of conditional expectation. The processes for the productivity type, ¢, and
for the access to the market, 7, are independent. Hence, Pr (i, 7)] = Pr[i] Pr[r]. The long-
run probability of type i is Pr[i] = ;. The density of 7 is exponential with mean 1/« i.e.,
Pr 7] = ae™". Hence,

Pr(i,7)] = mae™".

Let N, denote the number of productivity shocks received by a firm over a time interval of

length 7. Its distribution is Poisson with parameter A\. Hence:

Pr(j[(i,7)] = Pr{N: = 0]l + Pr{N: > 1] Pr[j]
= 6_/\7—]1{1':]'} + (1 — 6_)\7)77]‘.

If + = j, the firm can end up with productivity j by not receiving any shock with probability
e~*7. If the firm receives at least one shock, with probability 1 — e™*7, the last realization
must be j with probability 7;. By multiplying the expressions for Pr [(i, 7)] and Pr [j (i, 7)],
I obtain (38). m

Proof of Lemma 4. Along a balanced growth path, k;;_, = e 9"k;;. Substituting

v(i, j, T) by its expression given by (38) into (39),

The integral on the right side can be rewritten as:

—(atg)T [o=AT], .. 1— eVl dr = S N
/]R+ ae [e™ Limyy + (1 — 7)) dr a+g+)\( {i=} — 7j) + oz—i—gﬂj
Plug it back into the equation for K;; to obtain:
a a
Kji = 6{12;1} ik [m(ﬂ{i—j} — ;) + a—w%}

o aA
a+g+AF7”+fa+gﬂa+g+Aygi§: it



From market clearing, (41),
(% Z Wiki,t = (a + g)Kt
J}

Hence,
)\7Tj

o
Key—— — oz 4205
e L
Divide both sides by K;:

K.

Ko {a(kj/K)—i—)\} |

Kt_ﬂ-] g—l—oz—l—)\

Substitute (k;/K) by its expression given by (37) to obtain (40). m

Proof of Proposition 6. Part 1. Rewrite (64) as
1 71-8

_ Bla(l —n) +7] A, a JW ﬁ 8
7’_7“—<1—6)g+04(1—77) (Oz—l—g); 3<AJ>

For all j < J, Aj//b < 1 and

1

SN\ T ) A
lim (11}]> = lim eﬂln(“h) =0.

-1\ A,

Hence,
1 q1-p

« J A = amy 1-8
lim ( ) g | =2 = lim [ ] =0,
B—1 a+g o Ay -1l |la+g

provided m; < 1 and ¢ > 0 (which is satisfied under the conditions of Proposition 5). It
follows that

lim r = lim Blal —n) +r] A, = lim AJ,
=1 po1r—(1—=pBlg+a(l—n) p-1
where, from (35), B
. r+a(l—m]A;+ A

lim A; =
go1 r+a(l—mn)+A
I now turn to the distribution of capital across firms. From (40),
K; ] 1— A; ™3
lim—2 = lim—Y9  |a fla(t =) +r] 4, + A
-1 K folg+a+A rir =1 =7F)g+all—mn)

. 7Tj Aj s
= lim —— |« = +)\ s
B=1g+a+ A Ay



where I used that limg_,; 7 = limg_,; AJ. For all j < J,

1

(AT
éﬂ(z) "

Hence, limg_ (K;/K) = Am;/(g+a+N). If j = J,

—1
X KJ . KJ )\(1_7TJ)
lim (=) =1-) lim|—)=1-"——2
,Bliri(K> : ﬂlﬂ(K> g+a+ A

Part 2. If n < 1, for given r > p, as a« — +00,

0 [a(1 —n) + 7]
r0—(1—p8)]+ (1 —pB)p+0a(l —n)

J ER R J ) . 1-p
{ﬁfﬂ_p;% [Aj(r)]lﬁ} — {Z%‘ [Aj(r)] } :

~

Using that lim, 1o A; = 4j,

- f

J S\ P
r— (Z WjA;ﬁ> i
j=1
From (40) the share of capital allocated to firms of type j tends to
_1
lim & = lim F Blo(l—m) +7] o 121?15 + L
atoo \ K ) a—too rr— n)]

g+a+ A (1-p)g+a(l - J g+a+ A
Using that lim,_, o [a7;/(g + a + A)] = 7}, limg o0 [1;0 (g + a4+ X)] = 0, limy 00 A; =
A

lim plot —n) +7] — o P 1

oo [ — (L—B)g +a(l —7)]  a—ieor <Z‘] 1%3)15,

it follows that
lim 5 ST bl N A
a——+00 K J =

DT

Part 3: In order to obtain an equilibrium, assume 6 > 1 — 3. Set n = 1 in (64)-(65) and
take the limit as @ — 400 to obtain (49)-(50). From (40), if n =1, as o — +o0,

1
1

L
AT

Kj 6

e

o8



From the definition of g:

0—(-B)r+1-F)p

r—(1-0)g= g

From the expression for r given by (49),

J 1-8
6— (L= B)]r+(1—B)p =03 (Zm&‘ﬂ -

j=1

Hence,

It follows that

K
1—

Zj:l 7"jAj ’

Part 4. Suppose A; = A for all j € {1,..., J}. From (65), Aj

_ a(l—n)+r R
Tl rr— (1B (a+g) A

A and, from (64),

where g = (r —p)/6. =

Proof of Proposition 7. Suppose n = 1. From (52), the real interest rate solves

_ af B (r—p)

It can be reexpressed as:

0 <a9$fp)l_/3 BA - (1 - B)K)
0—1+p '

r =

Assuming 6 — 1 4+ 3 > 0, the right side is decreasing in r for all » > p. For all a > 0,

9BA — (1 —
RHS|_ - 59_§+gﬁg

It is greater than p if and only if BA > p. If
0BA 177
r>p+af {—} S
{(1—BM
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then RHS < 0. Thus, if A > p, there is a unique solution to the equation above and it is
such that » > p. Moreover, for all » > p, since the right side is increase in «, the solution r

is also increasing in . Consider the limit as a — 0. I rewrite the equilibrium condition as

6—1+8 6 =5
(T>(T—P)=<9+%> BA—p.

If lim, .o € (p,+00), then the left side is finite while the right side grows unbounded, which

is a contradiction. Since r is bounded above (by Proposition 5), it must be that lim, o7 = p

with )
_ AN\ 1-8
lim (T p) - (ﬁ) _ 1] .
a—0 o 1%

Consider next the limit as a — +o00. From the equilibrium condition above,

OBA—(1=P)p
6—1+p38

T Tee =

Moreover, 7o, > BA if and only if 3 < 1 and BA > p. Thus, if BA > p, there exists a oy > 0
such that for all o > a, 7 > SA. =

Proof of Corollary 2.
From (78), using that A; = A for all j, the output per unit of capital is

B
TFP:<a+g> ( a )A.
el a+ By

As o — +oo, TFP — A. The lifetime utility of the representative household is:

(TFP—g)'"

U= 0r-_0_04

KO)

where I used that
¢t = (TFP — g) x Kpe?'

It can be reexpressed as

—K,

U= — .
(TFP—g)" V(0 -1)[(0—1)g+p]

The derivative of the denominator, D, with respect to ¢ is equal to

oD —~
Gy = 0=V (TFP =) (TFP — 69— p).
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For all g € (@,% , D/0g > 0, and hence 0U/0g > 0. Suppose n = 1

. From
Proposition 7, r > BA. If 7 falls below one, from Lemma 6, as a« — +oo, r = SA. Since
OU /0g > 0, the lifetime utility of the household falls. m

Proof of Proposition 8. Based on (54), a measure of capital misallocation is

S A .
MIS, =% -Z + —— (m; - &) 7
K j ;T g+ atA 5 j (77)
It is equal to the difference between K;/K and its first-best value. If M IS > 0, too much
capital is allocated to firms of type j whereas if M [ Sﬁ( < 0 too little capital is allocated to
those firms.

Part 1: I establish first that

1
7T1A117ﬁ 7T1A117ﬁ
J o J L
CAL-B
> =1 TiA; >

AR
=1 T34

By the definition of A;, (35), A; > A; and hence Wlﬁllj > m A7 . Using that the lottery,

{(A;,7;)}, corresponds to a mean-preserving reduction in spread of the lottery {(4;,m;)},
and 277 is a convex function,

This proves the inequality.

N 1

N N R a1
Next, from the fact that A; < Ay < ... < Ay, A;77 < Z}]:1 m;A;”" and hence

1
1-8

1
S
AP

2 =1 T

~

> 0.

From (54), i.e.,

K
=

_1
7T1A11_ﬂ

P
)\7T1 Al_ﬁ
J A1i5+g+a+>\ L= J 1,2111‘*

and the observations above, it follows that

1
Kl 7T1A1176
K- 25
J 1-8
23:1 miA;
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Part 2: T establish that

A8 A8
miA; < T A
7 AT 7 !
-3 -3
Zj:l TiA; Zj:l miA;

Divide the numerator and denominator of the left side by /1}’5 and the numerator and
1

denominator of the right side by A}j to obtain:

7Tj Ty

S (A AT S (A A

From (35),

A [r=(=B)g+a(l—n)]A;+rA

Ay =0 =Pg+al—n]A;+r4
It can be checked that this ratio is decreasing in (1 — 7). As a(1 —n) — +oo, A;/A; —
A;/A;. Hence, A;/A; > A;/A; and

-8
S >1
J ]
Zj:l 7TJAj

The inequality
1
K A"
Ky o mA”
Z] 1 JAl B

follows from the observations above and (54). m

Lemma 5 The average output per unit of capital in the decentralized equilibrium is equal to

(2 (i) (Eor) Boart
TFP = mi AP miA; AP 78
Qa CV"‘ﬂg ; 77y ; VA A )

/ a+Bg+ A

where
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Proof of Lemma 5.

Replace 7(i, j, 7) by its expression given by (38) into (56) to obtain:

+o0 -
TFP — / Z e AR e [ Mgy + (1 — e )] dr
_ / Zae (a+Bg)T —/\TA +(1— _)‘T),Zl} Wi/;??dT
0

(e - o _ ~
= — (A, - A Al 7P
;[a—l—ﬁgjL)\( ‘ )+04+5g mik;

The second equality sums first over all j’s and uses that » . I3 A; = A; and ), m;A; = A,
The third equality interchanges the sum and the integral and it integrates over 7. It uses
that f0+o° e~ (@H9HNTqr = o /(a+ Bg+ \) and f0+°° ae~ @B dr = o/(a + Bg). Substitute
kP by its expression given by (37), i.e.,

5 Blr+a(l — 1) SIS
’fi{r[rm(l—m—(l—mg]} 4

to obtain

o BlaQ-wmr T [ e ]
TFP‘{r[r—u—ﬁ)gm(l—n)]} 2 Z{a+ﬁg+A(Al A“awg“}‘” '

From the definition 4; = [(a + Bg) A; + M| /(o + Bg + \),

_ o Bla(l—n)+r N LA
TFP_(a+ﬁg){r[r—<1—6)g+a1— } Z’ A7

From the definition of r given by (42):

T
A et :<Z7”A5ﬁ> (zgy

Substitute this expression into the equation for TF P above to obtain (78). m

Proof of Proposition 9. 1 first derive (57). In any equilibrium, g < r < r*. Thus, r is
bounded above. If a and \ are large, then A; ~ (A + AA) /(a+ A). If in addition n = 0,
from (35), A; ~ (@A; + AA) /(a4 )). Hence, using that A~ A,




Moreover, because « is large,

a—+g g «Q ~1
oY a+ g '
Putting these observations together, (78) can be rewritten as (57). A decrease in « or an
increase in A generates a mean-preserving decrease in the spread of the distribution of A]‘.
L1
Since 277 is a convex function, it reduces ijl m;A;~7. Hence, from (57), it reduces TFP.

Thus, M 1Sy increases. m

Proof of Proposition 10. Existence and uniqueness. Since p ~ 0, the growth rate,

g = (r —p)/0, is positive whenever r > 0. According to (59), for all n > 0, b is a decreasing
function of r > 0. It is represented by the curve labelled F'E in Figure 7. As r goes to 0, b

tends to by > 0 solution to

bo n(Au — AL) Ay

a(bo) A+ albo)(1 = n)] A+ alb)] x

As r goes to +oo, b approaches 0. According to (60), provided n < 1, r is an increasing
function of b. It is represented by the curve labelled R in Figure 7. As b goes to +oo, r
tends to Ag. As b goes to 0, r approaches ry € (zzl, AH) solution to

_ TOAH—F)\A

r
0 7’0-'-)\

Since A > 0, 79 > 0. Hence, there is a unique pair, (b,7) € R* x (19, Ay), solution to (59)
and (60).

Part 1. Effects of the entry cost. As k decreases, the F'E curve shifts upward and both
R and b increase.

Part 2. From (60), for all b > 0, a lower bound for r is given by r¢. For all € (0,1) and
all 7 > 0, the solution to (59) is such that b > 0. Hence, for all n € (0, 1), the solution to
(59)-(60) is such that b > 0 and r > 1. From (59), for all » > 0, as n goes to 0, b goes to 0

and hence, from (60), 7 — ro. In the other polar case, n — 1, from (60), 7 — 9. ®
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B1.

B2.

B3.

B4.

Bb5.

APPENDIX B.
ADDITIONAL MATERIAL ON:
“FRICTIONAL CAPITAL MARKET WITH KNOWLEDGE
SPILLOVER”

Tobin’s marginal ¢

I derive the expression for the marginal Tobin’s ¢ in closed form.

Value of intermediaries

I compute the market value of brokers-dealers.

Market clearing

I describe an alternative approach to market clearing based on stocks rather than flows.

Calibration strategy

I provide additional details on the calibration strategy

Welfare

I derive the closed-form expression for the welfare gain from removing market frictions.

65



B1l. Tobin’s marginal ¢

One can use Lemma 2 to obtain the value of a marginal unit of capital at a firm, the Tobin’s

marginal q defined as v’;,(k), along the equilibrium path.?®

Lemma 6 (Tobin’s marginal q) The Tobin’s marginal q of a firm at time t with current
productivity A;, j € {1,...,J}, who accessed the market for the last time at t — 7 with
productivity A;, i € {1,..., J}, is equal to:

~

A
Qij(T) =1 -+ ; [e(lﬁ)gTTJ -1

] 1., J) RT.
r+a(l—n) A, . V(i,5) €{1,...,J}?, VT € (79)

Proof. The Tobin’s marginal ¢ of a firm with productivity type j and capital k is v’ ,(k).
From (34), it is equal to

o BA KN alt-n)
j’t()_r—(1—6)9+a(1—n)<k‘> Ta-m

Along the equilibrium path, the capital stock of a firm, &, is determined as follows. If the

v

firm accessed the market at ¢ — 7 with productivity type 7, then its capital is k;;—, where

ki+/ K, is given by (37). Using that K; grows at rate g,
Kt 1-6 egTKt,T 1-8
( ki,tf‘r > B ( ki,tf‘r )

15
B R el s
ki,th

[+ a(l—5) — (1- By
Blr+a(l—n)A

Y

where I used (37) to obtain the last equality. Substitute this expression for (K;/ ki,t_T)lfﬁ
into v’ ,(k) above to obtain:
, 6(17[3)977”1% a(l—n)

0 (7) = Vj(his—r) = [r+ a1l —n)] A " a(l —n) +r

It can be rearranged to obtain (79). m
The Tobin’s ¢ is exactly equal to one when 7 = 0 and A; = A;, which corresponds to

the time at which a firm exits the capital market. Once a firm has readjusted its capital,

28For a recent study of the measurement of Tobin’s marginal g, see Gala, Gomes, and Liu (2024). See
their Table 4 for the distribution of the marginal ¢ in the data.
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its Tobin’s g, ¢;;(7), increases over time, due to aggregate productivity rising, until the next

idiosyncratic shock hits. At that point, the Tobin’s ¢ can increase or decrease. From (79),

In(A;) — In(A,)
(1-0)g

The Tobin’s ¢ is less than one if the firm’s current idiosyncratic productivity is lower than

Qij(T) <lert<

its value at the time the firm accessed the market, A; < A;, and that time is not too far

away. If A; > A;, the Tobin’s ¢ is greater than one irrespective of 7.

References

[1] Gala, Vito, Joao Gomes, and Tong Liu (2024). “Marginal ¢”. Working Paper.
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B2. Value of intermediaries
The market value of a broker, w;, solves

rwy = a®; + 1w, where &, = Z o (4, 4, )i, j, T)dT (80)
(i) e{L,... 732 VBT

is the broker’s expected revenue from a random meeting with a firm and ¢,(, j, 7) denotes

the broker’s revenue in a meeting with a firm of type (i, j, 7). From the bargaining solution,
(8),

¢u(1, 5, 7) = n[vje(kje) = (ke — Kig—r) = vja(kig—r)] - (81)

The broker appropriates a fraction, 7, of the increase in the firm’s financial value from

accessing the capital market. Note that there are two reasons for the firm to readjust its

capital from k; ;. to k;;. First, its idiosyncratic productivity might have changed since its

last access to the market, ¢ # j. Second, the steady increase in aggregate productivity raises

firms’ demand for capital over time.

Lemma 7 The value of a broker is

e rail);’ (82)
where
55 |0+ 89) A; — 525 4] mk] y
P, =1 r—(1—-8)g+al—n)](a+X+8g) ala(l—mn)+r] K. (83)

In order to get some intuition for the expression for ®; in (83), suppose there is no

productivity growth, g = 0, and J = 2. The average profits of the broker reduce to

B, =y (/\mm) (AQ B Al) <l§:§ B l?:f) K,

a+ A r+a(l—mn)

In the capital market, brokers reallocate ko—K; units of capital from the type-1 firms who hold
ks to the type-2 firms who hold %;. The steady-state measure of firms with idiosyncratic
productivity A; holding ks units of capital is equal to Amyme/ (a+ A), which is also the
measure of As-firms holding k;. Thus, Am;mo/ (o + A) can be interpreted as the flow of low-
and high-productivity firms that are matched to reallocate their capital. The instantaneous

output gain from this reallocation, normalized by the aggregate capital stock, is
Aokl + AR — (AQI%f + Aﬂ%ﬁ) = (AZ —~ /L) (z;g -~ l%f) :
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Finally, the effective discount rate is r + (1 — 7).

Proof of Lemma 7. Using the closed-form solution for v;(k;.) given by (34), ¢,(i, j,T)
given by (81) can be reexpressed as
AjKtliﬁ (kft B kiﬁyt—T) T<kj,t — ki,t—r)

e P Ve R = el .

Using that k;;—, = e 9"k;; and the notations l;;j = k;;/K; and &(i,j, T) = ¢,(1,5,7)/ Ky,

~

7B _BgriB - -
~ A, (k:j —e P9 k:l> (k- e k)

1,7, T) = , 85
R = A By rati—n  all—m+r e
and /;:j is given by (37). Using that v = gw, w; given by (80) solves
Oé@t
Wy = r— ga (86)

where a broker’s expected profits from a meeting with a firm picked at random in the
population of firms are
+oo
q)t = / Z th(i;j, T)V(iuj? T)dTa
O G)e{l T}
where (i, j,7) € {1, ..., J}? x RT is a triplet composed of the current productivity of the firm,

7, the time that has elapsed since its last access to the market, 7, and its productivity at

that time, 4, and 7(¢, j, 7) is the density measure of firms,
v(i, 7, 7) = ae” [e_)‘T]I{i:j} +(1-— 6_’\7)7@} :

In order to compute ®;, we decompose it as follows:

B O — O, (@3 — Q4)
¢t—n{r_(1_5)g+a(1—n) a(l—n)+r

Kta (87)
where:

1. @ is given by:

@1

Il
c\
+
8
I
.
-2
—
\.N
o
2
QU
\]

+o00 5
- [ S makacar
0 -
J
= Zﬂ'j/iji{}f.
J
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We move from the second line to the third line by taking the sum over i € {1, ..., J}
and use the fact that

Z mile iy + (L —e )] = me ™+ (1— e M)m; =75

We move from the third line to the fourth by changing the order of the sum and integral
and noticing that f0+oo ae Tdr = 1.

2. @) is given by:

Q2

+o0 _
/ Z _BQTAjker(iv ju T)dT

(4,5)€{1,...,J}?

400 _
= / Z e’ﬁgTAjkfae’aTm [e’”]l{i:j} +(1— e’)‘T)Wj} dr

+o00 _
= / Z e~ (@tBa)T [e_)‘TAi +(1- e‘”)f_l] mkde
0 i

(07 ~ | ~
= — i A+ Al KD,
a+)\+ﬁg;7r[ a+ By } ‘

We move from the second line to the third line by taking the sum over j € {1, ..., J}
and use the fact that:

DA [N iy + (1= e )my] = e A + ZA -
Moreover, > i Ajwj = A. We move from the third line to the fourth line by using that

+oo . a .
/ e OHBDT A Ay = — — A,
0 a+ A+ By

a\ i
(a+ Bg) (o + A+ Bg)

400
/ e OTBNT(1 — 72 Adr
0

3. Q3 is given by:

+oo 5
/ > ki gor)dr

(4,5)€{1,...,J}2

+00 -
= / Z ijéeiaTﬂ'i [67/\7-]1{1':]‘} + (1 — 67)\7—)71']'] dr
O G
+o0 B
= / Z Oéeicwﬂ'j]{?de
0 j

= ijl%j

J

OF
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4. ()4 is given by:

Q4

—+o00
/ S e k(i jr)dr

(i,5)e{1,...,J}2

+o0o
= / Z € ng’ ae aTT{'i [6_/\7—]1{1‘:]'} + (1 - 6_)\7)71']'] dr

(4,9)

+o00 5
= / Z e Tae” " mk;dr
0 i
Ie" ~
- a+g ; miki

From the expressions above,

1

Q1 —Q2 = mZ{(A‘Fﬁg)AJ_

Q3_Q4 - Oé—i—gzﬂ-] - 7

where we used that, by market clearing, > i le%j =1+ g/a. We substitute Q1 — Q3
and Q3 — Q4 by their expressions into (87) to obtain (83).
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B3. Market clearing

In the main text, the market-clearing condition is expressed in terms of flows. Alternatively,

the market-clearing condition can be written in terms of stocks as:

/ (i jom)dr = 1, (8)
(. )efl,...,. 32 RT

where e‘ng%i,t is the capital held by a firm, normalized by K;, who had access to the market
at time t — 7 and had productivity type ¢ at that time. The right side corresponds to the
aggregate capital held by all firms normalized by K, which is equal to one. Substituting
v(i,j,7) by its expression given by (38), it can be shown after some calculation that (88)
reduces to (41).
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B4. Calibration strategy

The unit of time is a year. The rate of time preference is set to p = 0.01 and the intertemporal
elasticity of substitution to #~' = 0.5. I use the average productivity, 4, to target a growth
rate of consumption of g = 2%. As a result, the real interest rate is r = g + p = 5%. The
technology is A; K 1-81:8 where 3 is chosen to be approximately equal to the capital share,
ie., 3 =042

The process for the idiosyncratic productivity shocks is analogous to the one in Cui
(2022). There are two levels of productivity, A;, < Ag, such that Ag/A;, = 1.64, drawn
with equal probabilities, 7, = mg = 0.5. I set A = 0.5. Hence, on average, a firm changes
productivity every (Am;)' = 4 years. The probability that a firm does not draw a new
productivity value within a year is e™*™# = e~?% = (.78, which is in the same ballpark as
the measure of yearly persistence of plant-level productivity shocks in the US reported by
Cui (2022) and references therein.

Capital reallocation is defined as the sales of existing capital across all firms. In the

model, it is o/ where

0=« Z /+OO (i, 7,7) max{e_ng;:i — i’{}j, 0}dr.
(ig)e{L,m}2 "0
The flow of firms who access the market per unit of time is . The sale of capital by a
firm of type j who last accessed the market at time ¢ — 7 with productivity i is equal to
eIk — l;;j if this quantity is positive and zero otherwise. The term, e_gT/%l-, corresponds to
the capital held by the firm (normalized by the aggregate capital stock, K;) while l;:j is its
desired capital stock. Only type- L firms who were previously type-H when they accessed

the market at time 7 < 7 = In(ky/k;)/g sell some capital. Hence,

0= Oz/(:'y(H, L,7) (e‘ng;:H — I;JL> dr.

Substitute y(H, L, T) by its expression given by (38), i.e., ae™*"ryms(1—e *7), and use that

ky = e™9k; to obtain
0= onTHﬂLicL/ ae (1 —e™7) [eg(?”) — 1] dr.
0

According to Eistfeldt and Shi (2018), capital reallocation represents about 2% of firms total

assets annually. I interpret total assets as K; and I target o = 0.02. The parameter to

29Tn the model, there is no labor so that all the income is capital income. However, the production function
could be generalized so as to incorporate a labor input, ¢, supplied inelastically by households.
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achieve this target is broker’s bargaining power. Indeed, n affects the dispersion of asset
demands, ki / /::L, and the measure of reallocation, p.

In order to calibrate «, I resort to different sources. In the model, « is the rate at which a
firm can sell its excess capital. Exapro, an online marketplace for used industrial equipment,
reports that “on average machines were sold on Exapro after 8 months since being published
in the catalog.”®" Southern Fabricating Machinery Sales, a machinery broker, reports that the
time to sell varies from 0-30 days for newer machinery and 60-90 days for older machinery.?!
According to the owner of Surplus Record, a leading business directory of used machine
tools, machinery, and industrial equipment, the turnover (defined as the number of removed
listings in a given period of time relative to the total number of listings) of lathe machines
is about 9% per month.??> One can interpret this turnover rate as «, the rate at which firms
can sell their capital. Across machines that are traded frequently, the turnover ranges from
5% to 10% each month. In order to obtain search frictions in the ballpark of these numbers,

I set o = 2. On average, it takes 6 months for a firm to sell the capital it does not need.??

30https://hub.exapro.com/how-long-does-it-take-to-sell-used-machinery

3https: //www.southernfabsales.com/blog/the-art-of-valuing-used-machinery

32 According to Wikipedia, “a lathe is a machine tool that rotates a workpiece about an axis of rotation to
perform various operations such as cutting, sanding, knurling, drilling, deformation, facing, threading and
turning, with tools that are applied to the workpiece to create an object with symmetry about that axis.” I
thank Tom Scanlan for providing me with the turnover data and explanations.

33 Gavazza (2016) in his study of the market for business aircrafts estimates that an aircraft stays on the
market approximately eight months before a low-valuation owner is able to sell it and that, on average, it
takes slightly more than four months for a dealer to find a buyer.
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B5. Welfare

Along a balanced growth path, consumption is C; = Y; — K, = (TFP — g) K;, and the
household lifetime utility is

[ O Ky @Ep )
A e = (e )

where I used that C; = Cyed* with Cy = (TFP — g) Ko. Market frictions affect both the
level of the aggregate output, TF P, and its growth rate, g, possibly in opposite directions.

The welfare gain from removing market frictions, A, solves U(C;) = U [Cf(1 — A)],
where Cf¢ is the time-path for consumption at the frictionless competitive equilibrium. Fol-

lowing the same reasoning as in (89),
oKL (TFP — )
1—6 [p—(1—0)g~]’
where I used that the aggregate output per unit of capital in the competitive economy is
TFP*, given by (55), and the growth rate is ¢° = (r* — p)/6, where r°® = [r* by (47).

Hence,

UlCr1-A)]=010-4)

p—(1 —e)gce]lle TFP —g

1—A= .
[p— (1-0)g TFP* — g
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C3

C4.

C5.

C6.

Cr.

Cs.

APPENDIX C

Distribution of capital across firms

I characterize the distribution of capital across firms in the model with linear technolo-
gies of Section 3.

Generalized idiosyncratic productivity shocks

I consider a general continuous-time Markov chain for the process of productivity
shocks and I show that capital might not always reallocated toward firms with the
highest instantaneous productivity.

Transitional dynamics

I characterize transitional dynamics in the model with linear technologies of Section 3.

Frictions in the primary capital market

In the benchmark model, new capital is sold instantly at the competitive inter-broker
price. In this Appendix, I make the primary market for capital goods frictional: there
are search and bargaining frictions to sell the new capital.

Endogenous bargaining power of brokers

I endogenize the market structure by assuming that brokers can choose their bargaining
power at some cost.

When the knowledge externality does not sustain growth

I consider a version of the model of Section 4 where the learning-by-investing externality
is not strong enough to sustain long-term growth but I show that the model can be
useful to explain incomes differences.

Externalities and growth

I propose an alternative description of the externality that generates long-term growth.
In this version, firms choose an input that is a complement to capital in production.
The externality operates through that input.

Embodied technological progress

I consider a version of the model where learning-by-doing lowers the cost of production

of capital producers.
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(C9. Alternative calibration

I describe an alternative calibration where I reduce the strength of the learning-by-

investing externality and I show that the main insights are robust.

C10. Growth, money, and capital reallocation

I extend the model of Section 3 to introduce liquidity constraints. Firms need to hold

costly liquidity in order to purchase capital.

77



C1. Distribution of capital across firms

We characterize how capital is distributed across firms. We start with firms with the highest
productivity level, H. There is a measure 7y of such firms. They hold a positive capital
stock if their productivity type was also at the highest at the time of their last participation
in the capital market. Suppose they participated in the market at time ¢ — 7 with 7 > 0.
How much capital did they leave the market with? The quantity of capital in the market
available to be allocated to firms over a time interval of length dt is

second-hand capital ~ Dew capital

capital supply at time t — 7 = «adtK, , + K, .dt.

There is a measure adt of firms who participated the capital market at time ¢t — 7. By the law
of large number, their average capital stock is equal to the aggregate capital stock, K;_,. In
addition, there is a production of new capital, K;_,dt, that is instantly traded in the capital
market. The measure of investors of the highest productivity type is adtwy. Assuming a
symmetric equilibrium where firms of type H leave the market with the same capital, their
capital holding is .
aKy ; + Ky -
AT '
We focus on balanced-growth paths where aggregate variables grow at the same rate g.

kH,t—T - (90)

Hence, K;_, = e 9"K,; and Kt_T = gK,;_,, which gives
(a+g)e K,

ks = 91
" o (91)

The density measure of firms with productivity type H and capital kg ;. is
Vu(T) =ae “ry [N + (1 —e )my]| forall 7> 0. (92)

This expression is explained as follows. The density measure of the firms who contacted the

market at time t — 7 is ae™®

7. Firms that own kg; , > 0 units of capital must have been
of type H the last time they participated in the market since otherwise they would have
liquidated their capital. There is a fraction 7y of such firms. These firms are still of type
H at time ¢t if: either they did not receive a productivity shock during the interval of length
7, with probability, e=*"; of they received at least one productivity shock, with probability
1 — e, and the realization of the last one was H with probability 7.

Consider next firms with productivity L. Those firms have a positive capital stock equal
to kp . if they contacted the market at time ¢ — 7 and had a productivity type equal to H.

By a similar reasoning as above, the density measure of such firms is
—Q

Y. (T) = ae™ (1 — ey, (93)
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The difference relative to (92) is that a firm who is of type L and owns a positive capital
stock at time ¢ must have received at least one productivity shock between ¢t — 7 and ¢, with
probability 1 — e=*7, and the realization of the last shock is L. The next Lemma makes use

of the density functions, (92) and (93), to compute the cumulative distribution, Y.

Lemma 8 (Distribution of capital across firms.) The measure of high-productivity

firms who owns no more than k units of capital at time t is

at+A

TH,t(k):wH{1—(O‘+MH>+ Tra [ aryk ] +7THLO”T—H]€]3}, o)

a+ A a+ A | (a+g)K; a+g9)K,

forallk < (a+g)K;/amy.
The measure of low-productivity firms who owns no more than k units of capital at time
t1s:

= f1-m {20 [omk ] e s o

for all k < (o + g)Ki/amy.

Proof. The cumulative measure, Y +(k), is given by:

(o)t 7

ln[ amrk
Yyi(k)=my — / Yu(T)dT Vk € (0,kpy]. (96)
0

The measure of all firms of type H is my. Assuming the growth rate is positive, g > 0, the
maximum capital held by a firm of type H at time ¢ is ky; = (o + g)K:/(amy). So, for
all k > kg, Yui(k) = my. If k < ky,y, we substract the measure of measure who owns a
capital stock between k and kg ;. These firms last accessed the market after time ¢t — 7 where
7 is the solution to kys—, = k, ie., 7 =In[(a+ 9) K, /amik]?. Substitute v, () from its
expression given by (92) into (96) and rearrange to obtain (94).

Similarly, in order to compute Y :(k), we integrate v, (7) as follows:

(o)t 3

ln[ amgk
Ty (k) = 71— / L Ydr Yk € (0, k).
0

This gives (95). =
From (94) there is a mass of firms of type H with k£ = 0 which is equal to

o+ Am A
TH,t(0+):7TH_7TH <T)\H) = TMLTH (a——|—)\>
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It is explained as follows. A measure 7w, of firms had a low productivity at their last
contact with the market. Among those firms, a fraction A/(« + ) experienced at least one
productivity shock between ¢ — 7 and ¢ and the realization of the last shock was H with

probability 7y. Similarly, the measure of type-L firms with zero capital is

Oé+)\7TL>

T ) =
ra(07) WL( o+ A
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C2. Generalized idiosyncratic productivity shocks

In this Appendix, I generalize the stochastic process driving firms’ idiosyncratic productivity.
I assume that there are J > 2 distinct realizations, indexed by j € {1,...,J}, for a firm’s
idiosyncratic productivity. Productivities are ranked as follows: A; < Ay < ... < Aj.
Suppose that A; follows a continuous-time Markov chain with generator matrix A = [\j;]
where \j; is the rate at which productivity transitions from j to 7 # j and A\j; = — >, £j Ajie

In the main text, I specialized the analysis to J = 2. If shocks are i.i.d. so that \;; = Am;,
with A > 0 and 7; € [0,1], for all 7 and j, then the restriction to J = 2 is with no loss in
generality. Otherwise, if shocks are not i.i.d., some insights from J = 2 do not carry over to
the case where J > 3. In particular, it is not necessarily the case that capital is reallocated
toward the type-J firms with the highest instantaneous productivity.

The Tobin’s g of a firm with idiosyncratic productivity j solves
rq; = Aj + Z Njigi + (1l —n) (1 —g;). (97)
1€{1,...,J}
The first term on the right side is the flow output generated by one unit of capital. The

second term represents the capital gains or losses as productivity changes. In order to see
this, note that

> N = > N+ Mg

i€{1,.J} ie{1, N\ {j}
= Z Ajidi — Z Ajid;
ie{L,...J\{} ie{L,....J1\{5}

= > Nila—a4p),

ie{l,... T\ {4}
where, in order to obtain the second equality, I used the definition of \;;. The last term on
the right side of (97) corresponds to the gain from liquidating the capital when the firm has
access to the market. Here, I used the observation that ¢; < 1 for all j so that the capital

market can clear. The equations (97) can be rewritten in a matrix form as
r+a(l—n)]g=A+Aq+ ol —n)1. (98)
Solving for q,
a={[r+al-nI-A}"[A+a(l-n1]. (99)

For market clearing, the firms with the highest ¢; must be indifferent between acquiring

additional capital or not. Hence,

=1, 100
je?}ftffj}{q]} (100)
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An equilibrium is a r > p and q € R solution to (99) and (100).
As an example, suppose J = 3, A\g1 > 0, A2 > 0, o3 > 0, and all the other \;; = 0.
Thus, type-1 firms become type-2 firms who become type-3 firms who then return to type

1. I construct an equilibrium where max{q;} = ¢» = 1.

Proposition 11 Suppose A1 > p and 6 > 1. For any a < 400, if n is sufficiently close to 1

and A3y 1s sufficiently large, then there exist an equilibrium with ¢1 < 1, g3 < 1, and ¢ = 1.
Proof. Using that ¢ = 1, the HJB equations can be rewritten as:

rgg = Ai+A(l—q)+a(l—n)(1—q)
r o= As+ Aas(gs— 1)
rqgs = As+Asi(gn —q3) +a(l—n)(1—gs)

It can be solved for ¢; and ¢3 to obtain:

T—Al
1—
)\12+Oé(1—7])+T

qg =

(A1 — Az) M +a(l —n) + 7] + Aip (1 = Ay)
[T + )\31 + O./(l — 77)] [)\12 + 04(1 — 77) + 7“]

3 = [r—l—a(l—n)]l{Ang)\gl +a(1—n>}

Suppose  ~ 1 and A3; — +oo. Then,

. At A
q = Q3——/\12+T
Al—T‘
= Ay + A\
' 2t M2+

It can be checked that r € (A;, A2) and hence ¢; = g3 < 1. Since r > Ay, g = (r—p)/0 > 0.
Moreover, since ¢ > 1, r—¢g > 0. m

If brokers’ bargaining power is close to 1 and the transition from type 3 to type 1 is fast,
then capital operated by type-2 firms has the highest market value. Moreover, if « is large,
most of the capital will be held by type-2 firms even though both the first-best and the
constrained-efficient allocations prescribe that capital should be held by type-3 firms. So,
brokers’ bargaining power can affect directly both the static misallocation of capital and the

dynamic misallocation.
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C3. Transitional dynamics.

I now describe transitional dynamics from arbitrary initial conditions, (K, Kpp). First,
the equations defining the Tobin’s ¢, (11), do not depend on the composition of the capital.
Hence, ¢; and r (which is determined from gy = 1) jump instantly to their new balanced-
growth path values at time ¢ = 0. The growth rate of consumption, g = (r — p)/6, is also
constant on the transitional path.

Consider next the time-paths of the capital stocks. I denote k, = K /(9" Ky) and kr; =
K11/ (e9'Ky). The detrended capital stocks, k; and ky,;, evolve according to:

2 (An — gkt — (Ag — Ap)krs — co (101)
kre = Ampk—(a+ g+ A ke, (102)

where ¢y = Cy/ K. The initial conditions are kg = 1 and k; o = K, o/Ko. Equation (101) is
obtained from K; = Y; — Cy, where Y; = Ay Ky + AL Kp,, while (102) is obtained from an
ODE analogous to (16), KL,t =Ky — (Mg + o) K.

Lemma 9 Suppose the conditions in Proposition 2 for the existence of a balanced-growth
path equilibrium hold. The stationary solution to (101)-(102) is a saddle point.

Proof. The Jacobian matrix associated with (101)-(102) is

My= (e Tl ),

The determinant is
detMJ:—(AH—g)(a+g+)\)—|—)\7TL(AH—AL).

From (??), in any balanced-growth-path equilibrium,

C A
FZ = AH_<AH_AL)kL_g
/\7TL
= Ay—qg— (Ay — A;) ———
g—9— (An L))\+&+g>0,

where the second equality is obtained by substituting kr by its expression given by (17). It
follows that det M; < 0. Hence, the solution to l{‘t = l'{;L,t = 0 is a saddle point. m
From (102), the kp-isocline given by /%L,t = 0 is such that

kL,t_ )\’/TL
ke a+g+A

= ky.
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From (101), the k-isocline given by k; = 0 is such that

(AH - g)k’t — O
(Am — Ar)

kre=

So, both isoclines have a positive slope but, provided a balanced-growth path exists, the k-
isocline is steeper. The phase diagram is represented in Figure 11. The endogenous variable,
Co, is determined so that the initial condition, (1, k), is located on the linear saddle path. In
Figure 11, the initial condition for the composition of the capital stock is such that kz o > kr,.
Along the transition, K; and K, ; approach their balanced growth path asymptotically and

the ratio, K, ;/K;, decreases and tends to I%L.

kL,t
A

K o I\L \l,—> RL,t:O
<
I
A
Jcoll ’kt

Ai-9

Figure 11: Transition dynamics
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C4. Frictions in the primary capital market

In the main text, I have assumed that the newly produced capital was sold to brokers in-
stantly at the competitive price, px = 1. In reality, even though capital producers have
“embraced a lean manufacturing model focused on matching production to demand” (Dar-
mouni and Sutherland, 2024), there are delays for new equipment to reach firms.3* Therefore,
I now relax the assumption that new capital is sold instantly and I make the capital market
a two-sided brokered market as shown in Figure 12. There is a unit measure of primary bro-
kers who purchase capital goods from capital producers. The meeting rate between capital
producers and primary brokers is ag. The bargaining power of primary brokers is n, € [0, 1].
In the previous section, 7, = 0 and oy = +00. The secondary capital market is as described
in the previous section. Firms meet secondary brokers, who have bargaining power 7, at rate

Q.

Capital
market

Pk

' a )
Capitl _ 0 ! primary

Secondary ol :
producers Ko | brokers <—— FIrms

brokers | « 4k,

Figure 12: Capital market structure

The value of idle and employed capital

In order to determine the value of idle capital, I conjecture that the expected discounted
profits of a capital producer with £ > 0 units of idle capital can be expressed as qok where
go € RT is independent of k. Consider first the determination of the terms of trade in
a meeting between a capital producer with k£ units of capital and a primary broker. The
outcome of the negotiation is a pair, (k*, ¢) € [0, k] x R, that specifies the quantity sold,
k® < k, and the payment to the intermediary. The surplus of the capital producer is

qo(k — k°) + prk® — ¢ — qok = (px — qo0)k* — 0,

where pg is the price at which brokers trade capital and ¢q is the value to the capital producer

of one unit of idle capital. The first term on the left side is the value of k — k® units of unsold

34 Darmouni and Sutherland (2024) use the COVID episode to illustrate how supply chain disruptions can
make new capital hard to find.
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capital. The following two terms, pxk®— ¢, represent the revenue from the sale to the broker.
The last term is the disagreement point if no trade takes place, in which case the value of
the capital producer is ggk. The surplus of the broker is ¢. As long as px > qo, k* = k is
Pareto optimal. From the generalized Nash solution, ¢ = ny(px — qo)k. Hence, the capital
producer’s total surplus is (1 — 74) (px — qo) k-

The value of one unit of idle capital, qg, is the solution to:

rqo = ao(1 —1g) (Px — Go) + Go- (103)

The opportunity cost of holding a unit of idle capital is given by the left side of (103).
According to the right side, the unit of capital is sold to a broker at rate oy at which point
the capital producer makes a profit equal to (1 — 7,) (px — qo). Capital producers choose
the level of investment to maximize i;(go — 1). Hence, in any equilibrium with i, > 0, go = 1.
It follows from (103) that the price of capital solves

r
ap(1 —mg)
It is equal to its production cost, one, plus the holding cost until this unit can be sold. The

pk =1+ (104)

bargaining power of the broker gives rise to a multiplier, 1/(1—1,), of the holding cost of idle
capital, r/ag. The logic is as follows. The profit that the capital producer makes by selling
one unit of capital, (1 — 7,) (px — 1), must cover the holding cost, r/ay. As the holding
cost increases by one, the price of capital, px, must increases but by more than one because
brokers captures a fraction of the gains that the sale of the capital goods generates.

The value of a unit of capital employed by a firm of type j € {L,H}, g;, solves an
equation analogous to (11) where the price of capital, pg, is now given by (104). Using the
same steps as before, the Tobin’s ¢ is:

[r+a(l—n)]A4;+rA a(l —n)pk
r+al=n)]r+A+al—n)] r+al—-n)

Each firm chooses its capital stock to maximize (q; — px)k. Hence, in order for the capital

g = Vje{L H}. (105)

market to clear, q;, < px and

qH = Pk- (106)
An equilibrium can be reduced to a 4-tuple, (px,qr,qu,r) € Ry x [0,1] x {1} x (p,+00),
solution to (104), (105), (106) and r < p/(1 — ) if & < 1. I substitute px by its expression
given by (104) into (105) for j = H to obtain the following proposition.

Proposition 12 (Real interest rate with frictional primary capital market.) As-

sume

p ]<[p+a(1_77)]AH+)\A. (107)

1+
p[ ao(1 —np) p+ A+ a(l—n)
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Moreover, 6 > 1 or, if 0 < 1,

p {1 p ] [p+a(l—n)(1 —0)] Ay + A
(1—-0) ag(1 —mnp)(1—0) p+ (1 —=0)[A+a(l—n)

The equilibrium real interest rate along a balanced-growth path with g > 0 is uniquely deter-

(108)

mined as the solution to

] _ [r+a(l—n)]Ag + \A
ag(1l —mny) r+At+all—n)

It is such that r € (p, Ag), Or/0ag > 0, and Or/0n, < 0.

r {1 + (109)

LHS(a,,h,)
/

RHS(o ,m,A)

» V

Figure 13: Determination of the real interest rate when the primary and secondary capital
markets are frictional.

Equation (109), which is represented graphically in Figure 13, determines a unique r > 0.
The right side depends on the frictions in the secondary market, o and 7, while the left side
depends on the frictions in the primary market, oy and 7,. If o increases or 7, decreases,
then the left side falls and r increases. If « increases or 7 decreases, then the right side
increases and r increases. Under condition (107), r is larger than p, which guarantees that
the growth rate of the economy, g = (r — p)/0, is positive. For (107) to be satisfied, the
term ag(1 — 7n,) must be sufficiently large. Equivalently, the frictions in the primary market

cannot be too large.

Capital misallocation

As in the previous section, there is dynamic misallocation in that the rate of capital accu-
mulation is inefficiently low and there is static misallocation in that a fraction of the capital

is not operated by type-H firms.
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Dynamic misallocation In order to understand the sources of the dynamic misallocation,

it can be instructive to rewrite (109) as follows:

misallocation discount prumary Jrriarkdown
o\

’AWL(AH_AL)\ |:1+ r :|_1
r+A+a(l—mn) ag(l—mny)]

r = H —

It shows the different forces that push the real interest rate below its first-best value, Ag.
There is the misallocation discount described earlier according to which the real interest
rate falls below its frictionless value in the presence of idiosyncratic productivity shocks
due to the frictions to reallocate capital. The novelty is the second term on the right side,
labelled primary markdown, which corresponds to the markdown of the wholesale price of
newly-produced capital goods that results from the market power of primary brokers.

I now investigate how the reduction of the frictions on each side of the market affects
misallocation. Consider the limit as the frictions in primary market vanish. Since 7, < 1,
then as ag — 400, r approaches to the solution given by (24). Graphically, the left side
approaches the 45° line. Suppose next that the frictions in the secondary market vanish,
a(l —n) — 400, while the primary market remains frictional. Then r converges to the

solution to
r

ag(1 — o)
Even though all units of employed capital are allocated to firms of type H, there is some

s | = an

idle or unemployed capital. As a result, the real interest rate is below Ap.

Static misallocation Iturn to the allocation of the capital stock. In a first-best allocation,
all the capital should be held by type-H firms. In the presence of frictions, some capital will
be idle and some capital will be held by type-L firms. Let K; denote the aggregate stock of
idle capital, that is the newly produced capital that has not reached the market and is not
employed by any firm. It obeys the following law of motion:

K[,t = Kt - OéoKl,t- (110)

The stock of idle capital increases with investment, K, but it decreases with the flow of idle
capital that is sold to brokers and allocated to firms at rate . In the following proposition,
I denote k; = K/ K the share of total capital in state j € {I, L, H}.
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Proposition 13 On a balanced-growth path, the distribution of the capital stock across states

18:

2 g

kr = 111
! g+ (111)

- AT O

k; = 112
L (g+ A+ a)(g+ ap) (112)

~ Clo(g‘l'Oé—F)\ﬂ'H)
k = . 113
7 (g+a+X(g+ ao) (113)

The unemployment rate of the capital, K;;/K;, increases with the growth rate of the
economy but decreases with the meeting rate in the primary capital market, cg. The share
of capital employed by firms of type L, /%L, increases with o and decreases with g. The
share of capital held by the most productive firms, ky = Ky /K, increases with o while the
effect of ¢ is ambiguous. In order to measure the static misallocation, I express the aggregate

output as

~ (&%)) )\'/TL(AH_AL>
Y, = K k;A; = K, Ay — . 114

The TFP is equal to the one in (19) scaled down be the employment rate of the capital stock,
ap/(g + ap). While an increase in ¢ reduces the misallocation across the employed capital,

it also reduces the employment rate of capital.

Proof of Proposition 12. From (105) for j = H and using that ¢y = px,

[r+a(l—n)]Ag + \A
r+A+a(l—-n)

Pk =
Substituting px by its expression given by (104) one obtain (109). The left side is

-
LHS(r)=r [1 + —} :
(1 — 1)
It is a quadratic function with two roots, r = 0 and r = —ag(1 — 7,). It is increasing and

convex for all » > 0. The right side can be rewritten as

MAy — A)
r+A+a(l-n)

It is increasing, concave, strictly positive at » = 0, and it approaches Ay as r — +o00. Hence,
as depicted in Figure 13, there is a unique r € (0, Ay) solution to LHS(r) = RHS(r). The
real interest rate is larger than p if and only if RHS(p) > LHS(p), i.e., (107) holds. The
condition r > g can be reexpressed as r(1 — ) < p. It holds if # > 1. Suppose 6 < 1.
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Then r — g > 0 can be rewritten as r < p/(1 —#). It holds if and only if LHS [p/(1 — 0)] >
RHS [p/(1 —6)], i.e., (108) holds. m

Proof of Proposition 13.
I focus on a balanced growth path where K; and K grow at the same rate, g. Hence,

Kl,t = gK;,; and K, = gK, so that (110) can be rewritten as

Ky =

K, 115
g+ o K ( )

which gives (111). The capital held by type-H firms evolves according to
Ky=o(K —K; — Kg) + My(K — K — Ky) — MKy + aoKp . (116)

The first term on the right side of (116) corresponds to the stock of capital that is employed
by firms of type L, K;, = K — K; — Kp, and that reaches the secondary capital market
at rate o to be reallocated to type-H firms. The second term corresponds to the capital
employed by firms of type L who receive a positive productivity shock with probability 7
so that the capital is now owned by firms of type H. The third term corresponds to firms
of type H that receive a negative productivity shock at rate A(1 — 7). The last term on
the right side corresponds to the unemployed capital that reaches the market at rate oy and
is allocated to type-H firms. Using that Ky = ¢gK g and substituting K by its expression,
Ky/K = ky given by (113). The capital held by type-L firms evolves according to

KL:)\T('L(K—KI—KL)—)\WHKL—O!KL. (117)

The interpretation is similar to the one of (116). Using that K; =gKy, k= K /K is given
by (112). m
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C5. Endogenous bargaining power of brokers

Suppose that brokers can exert some costly effort to increase their bargaining power, 1. The
cost of this effort is 1(n)K, where ¢(n) = n with ) > 0. It is scaled by the aggregate
capital stock to obtain a balanced growth path. In practice, we can interpret the investment
in bargaining strength as follows: brokers improve their pricing strategy and marketing
techniques and acquire information about firms to better price-discriminate.

The problem of the intermediary in (13) is generalized as follows:

rw = max {—¢(n)K +an(l—qp) / kdY(L, k:)} + b, (118)

n€l0,1]

On the right side of (118), the intermediary chooses its bargaining power, 7, at some cost,
(n)K. The expected profits of the intermediary are linear in its bargaining power. Using
that [ kdY(L,k) = K, the first-order condition is

~

Oé(l —qL)kL. (119)

=
=1
<
Vol A

When deciding to invest in its bargaining power, the intermediary compares the cost v to
the expected return a1 — qL)l%L. It chooses to invest in a higher bargaining power when the
share of capital that is misallocated increases, when trading frictions get smaller, and when
the Tobin’s q of low-productivity firms decreases.

We focus on symmetric Nash equilibria where all brokers choose the same 7. Substitute

k; and qr, by their expressions to rewrite the first-order condition as:

=L < Bamr (Ay — Ar)
(A T L Tl ey Ny Ay e e e (120

where r is a decreasing function of 1 given by (24). The term on the right is increasing in
7. Hence, there is at most one average value of n that makes individual brokers indifferent
between investing in their bargaining strength or not. It follows that the best-response

function given by (120) is a weakly increasing step function.

Proposition 14 (Endogenous rent seeking.) Suppose 0 > 1 and

Ay + A
o PAn AL

121
P+ A (121)

There exist 0 < 1, < 1, < +00 such that the following is true:
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1. For all v > 1), there exists an equilibrium with n = 0 and r = ro > p solution to

_ (rot+a)Ay+AA
N ro+A+a

(122)

2. For all ¢ <), there exists an equilibrium with n = 1 and r = r, > p solution to

. TlAH—i‘)\A

123
T+ A ( )

1

3. For all® € (@0,@1), there is an interior equilibrium, (r,n) € R x (0,1), solution to

A Oarry (Ag — Ap)
VT F—pr 0t N+ A+al—n)] (124)

[+ al—n)]Ap+AA
"o r+A+a(l-n (125)

4. As a — +00, the length of the interval, (QZO, {ﬂl), s maximum with

lim ¥y(a) =0 and lim ¥, (a)= A (A — AL).

a—+o0 a—+o00 r1 -+ A

Proof. Part 1. From (120), an equilibrium without rent seeking, n = 0, if and only if

(904/\7TL (AH — AL>

V= T et (ot AT )

where () is the solution to (122). Note that 1), is a continuous function of « that is equal
to 0 when oo = 0 and o = 400 and is positive for all « € (0, 400).

Part 2. From (120), an equilibrium with n = 1 exists if and only if

00[)\7TL (AH — AL>
[r1—p+0(a+ N (ri+A)

QLSQZHE

where 71 solves (123). From (121), r; > p. Note that r; is independent of a. Moreover, v,
is an increasing function of « that is equal to 0 when o = 0 and Ay, (Ag — AL) / (r1 + A)
when a = +o00.

Part 3. Using that ro > rq,

00&)\7TL (AH — AL)
[ro —p+0(a+N)](ro+ A+ a)

(904/\7TL (AH — AL)
r1—p+0(a+N)](ri+ )

1710 <y

It can be checked that for all ¢ € (QZO, @1), there is an interior equilibrium, (r,7) € R*x(0, 1),

solution to (124)-(125). Equation (124) gives a positive relation between r and 1 while (125)

gives a negative relation between r and 1. The solution is interior if r solution to (124) when
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n = 1 is larger than 7, i.e., ¢ < 1, and if 7 solution to (124) when 7 = 0 is less than 7o,
ie., 1 > 1.
Part 4. As o — 400,
B = Ay, (Ag — Ap)
ro—p+0(a+N)][1+ (ro+N)/a]
and hence lim,, .| 1y() = 0. From Part 2, 7}, is an increasing function of o that approaches
M (Ag —Ap) /(ri+ X)) asa — 400. =

The first part of Proposition 14 shows an equilibrium without rent seeking by brokers,

— 0,

n = 0, exists if the marginal cost of rent seeking is larger than some threshold, 1),. This
threshold is a nonmonotone function of o which approaches 0 as either &« — 0 or a — +o00.
It is maximum for some intermediate value of a. So, when 1 is not too large, an equilibrium
where brokers have no market power is more likely when the market is either very illiquid
or very liquid.

The second part of Proposition 14 shows an equilibrium with maximum rent seeking,
n = 1, exists if the marginal cost of rent seeking is lower than some threshold, ),. This
threshold is an increasing function of « that is equal to 0 when @ = 0 and that is positive

as @ — +00. So, an equilibrium with monopolist brokers is more likely in liquid markets.
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Figure 14: Typology of balanced-growth equilibria with endogenous rent seeking

The threshold v, is lower than v,. Hence, when v is between 1, and v, there are
multiple equilibria. There is a high-growth equilibrium where brokers do not invest in their
bargaining power and there is a low-growth equilibrium where brokers have maximum bar-

gaining power. The share of capital that is misallocated is the same in both equilibria.
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However, the competitive equilibrium has a higher real interest rate and a higher growth
rate. There is also an intermediate equilibrium where 1 € (0, 1). From (124)-(125), the real

interest rate solves

b= Oa (Ag — )
Cr—p+0(at+ )

It increases in o and decreases in 1). The typology of equilibria is represented in Figure 14
in the parameter space (o, 1)).

We now consider equilibria at the frictionless limit where a@ — +o0. The threshold ),
goes to 0 so that an equilibrium with 7 = 0 always exists at the frictionless limit. The
threshold below which n = 1 is such that

So there can also exist equilibria with monopolist brokers when trading frictions vanish. We

now turn to interior equilibria and denote G, = lim,_, 1o (1 — 7). From (124) and (125),

17} _ )\WL(le—AL)
Ag =+ A+ Qoo
r = AH—@YJ

So, as the limit, n — 1 but the effective meeting rate of firms, a(1 — 7), remains bounded.

The real interest rate is below the one of a frictionless economy, Ap.
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C6. When the knowledge externality does not sustain
growth

I now describe the case where the knowledge externality is not sufficiently strong to sustain
long-run growth. I will show that the model can still be useful to explain differences in per
capita GDP due to differences in market structures.

The technology of a firm takes the form, A; K¢k?, where ¢ + 8 € (0,1). Thus, there
are decreasing returns from scaling both K and k£ up. In a steady-state equilibrium, the
capital stock, K, is constant, the growth rate is ¢ = 0, and, from the Euler equation, the
real interest rate is r = p.

By the same reasoning as in Lemma 2, the value function of the firm is

A;KSEP 4 a1 — )k
p+a(l—mn)

vi(k) =

+ A,

The optimal choice of capital maximizes v;(k) — &, i.e.,

A\
kj:(&> K77, (126)
p

By market clearing, ijl m;k; = K. The right side is the supply of capital while the left
side is the demand from firms accessing the market. Substituting k; by its expression given

by (126), one obtains the aggregate capital stock in a steady-state equilibrium:

pr e J A\
T —P— ~
K = < ) where 7 = m: AP )

An increase in market frictions, through a reduction of o or an increase in 7, reduces 7,

which then reduces K. The effect is magnified by the learning-by-investing externality since
dIn(K)/0In(#*) = (1 — 5 —¢)~" > 1 increases with (.

Total output is the sum of the output flows across all firms,

Y= ) / A; KK~ (i, §,7)dr. (127)
(i,9)e{1,...,J}?
Lemma 10 Suppose o and )\ are large relative to p and n = 0. Aggregate output is approx-

imately equal to
<8

Y = <§) e e (128)

p
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Proof. Substitute (i, j, 7) by its expression given by (38) into (127) and simplify to

A+ M\A
Y = K¢ (AL g8
> (220

After substituting k; by its expression given by (126),

obtain:

¢+B

1—f— . A -
v (é) 5 Cf*m Z T (M) AP
p J} O{‘i‘A ¢

Under the assumption that o and A are large relative to p and n = 0,

A= [p+a(l—n)] A +\A
’ p+a(l—mn)+A

can be approximated by A; ~ (ad; + MA) /(a4 A). Substitute into the expression for Y to
obtain (128). m

From (128),

OlnY _; Olnp*
=(1—-03— .

Market frictions affect output through 7*. The effect is amplified by the knowledge exter-

nality that can make the elasticity of Y with respect to 7* arbitrarily large.
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C7. Externalities and growth

I describe a version of the model where firms invest in some input, h, that generates the
externality sustaining economy growth. The input, h, can be any type of intangible or human
capital that contributes to the formation of nonrival knowledge. The objective is twofold.
First, the logic of the model in the main text goes through even if the knowledge externality
does not operates through k. Second, the choice of h by firms will respond endogenously to
the mismatch between their idiosyncratic productivity and their capital stock.

The technology takes the form:
fi(h, k) = 2, HOIA=A pr (=15, (129)

where h € RT represents the investment in knowledge to operate the capital stock and
z; € RT isidiosyncratic productivity. The cost of this knowledge in terms of the consumption
good is h. For simplicity, I treat h as a control variable. The external effect that generates
growth operates through the aggregate knowledge across all firms, H = fol h.dzx.
At each point in time, the firm chooses h € R* to maximize f;(h, k) — h. The optimal
choice is
hi (k) = = gl-B18
(k) = (v2) ™7 HEPRP. (130)

So, h increases with the capital stock, k, and with the idiosyncratic productivity, z;. Sub-

stituting h by its expression given by (130) into (129), the net output of the firm is

Ye(k) = f; [hye(k), k] — hjo(k) = A;H K, (131)

Aj = (5r)™ (1 ; V) :

The net output of the firm, once maximized with respect to knowledge acquisition, takes a

where

similar form as the one studied earlier where K is replaced with H. From (130) and (131),

1—v

k) = (£ ) iyt (132)

So, the output of the firm is proportional to the investment in knowledge.

The aggregate knowledge is

Ht:/hj(ki,t—T)dT@?j)T)’

where Y (i, j, 7) is the distribution of firms’ types, where 7 is the time that has elapsed since

the last access to the market, ¢ is productivity at the last access to the market, j is current
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productivity. Substituting h;(k) by its expression given by (130), H solves

v -~ ..
Ht - ( )/AJHtl 6(ki7t—7)BdT(zajaT)'

1—v

Using that k;;_, = e 97k;;, one can solve for H; to obtain

H, = (1 - U)é { / eI A (ki )PdY (i, 7)| (133)

I now turn to the determination of k;;, the optimal choice of capital of the firm when it

accesses the market. It solves maxy {v;(k) — k} where
A;H! PRSP N a(l —n)
r—1=pg+all—n) ol —n)+

The solution is given by the same expression as in the main text where K; is replaced with
Ht:

vji(k) =

kA (134)

1

@_{T[T_ﬁ[a(l—n%rr] A]}l_ﬁ. (135)

5=, (1~ g +a(l—7)]

I substitute k;; = k;H, in (133) to obtain

1= ( v ) / e P AP AY (i, 5, 7). (136)

1—v

Using the observation that g = (r — p)/0 and k; are functions of 7, (136) determines the real

interest rate. In the following Lemma, I simplify the equilibrium condition, (136).
Lemma 11 An equilibrium is a v > p solution to

J —
- (a+Bg) Aj+ NA ~ﬂ_<a+6g> (1—y>
Gl ) ()

=1

such that 7(6 — 1) + p > 0, where g = (r — p)/0 and k; is given by (135).

By substituting i{}j by its expression given by (135), the equation for 7, (137), can also be

reexpressed as

18 18 J _ =2
(o NP (v N7 Bla(l —n)+r] [+ Bg) Aj +AAT 142
T_(Wrﬁg) (1—7/) r—(1=8)g+a(l—n) {]Zﬂj{ a+ A+ Bg }Aj B} '

=1

In the equilibrium condition (137), the real interest rate appears in the growth rate, g, and
in the firms’ demand for capital, /;j. The next proposition provides sufficient conditions for

the existence of an equilibrium.
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Proposition 15 Assume 0 > 1. If

Z% (aA +/\A) {g[pmu_n)]AjHA}l% Jlov 139

a+ A p ptrall—mn+A v

then an equilibrium exists.

I now turn to the other equilibrium quantities. Using (132), aggregate output is related

to the stock of knowledge as follows:

1—v

}/;, == Ht-

v

Using the market clearing condition according to which « Z}Ll mikj: = (a+g)K;, and from

(135), the relationship between H, and K is given by

% ) <O‘i9) {T[T —il[a—(lﬁggnlz(? —n)] }1_ zjzﬁjﬁfﬁ'

Combining the two equations above,

-
hy

B

B a+g « 5 v 5
- () @) ()

J 5/ -1
Z (a+ Bg) A; + AA] - Z AT
X{ Wj[ a+ A+ fBg }A } ( e 6> "

=1

In Figure 15, I plot the real interest rate as a function of o and 1. The parameter values
are the same as the ones in the main text. In addition, I set v = 0.85. In accordance
with the results from the main text, r can vary in a non-monotonic fashion with frictions.
For instance, an increase in « can reduce the real interest rate and the growth rate of the

economy. Conversely, an increase in 7 can raise r and g.
Proof of Lemma 11. Denote Z = [ e 797 A;k;7dY (i, j, 7). The density of Y (i, j, 7) is

’Y(i7j> 7—) = Oée_aTﬂ-i [B_AT]I{izj} + (1 - G_AT)T(J} )

to obtain:

+oo
I = Z e P Ak Pae™ [e MLy + (1 — e *)m,] dr
(i)e{L,y2 70

= k: / ae_(o‘HJrﬁg)T]I{i:j} + oze_(O‘J“Bg)T(l — G_AT)WJ'] dr,
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Figure 15: The relation between r and market frictions.

where the second equality is obtained by taking Aj/;;iﬁm outside of the integral. Next, I

compute the integral:

~ T QAT
T — Akzﬂm { l{i=j} + J } .
Zj: & a+A+Bg  (a+Bg) (a+ )+ Bg)

I take the sum over the different values for j:

I__ @ Zﬂ[(a—i—ﬁg)AmL/\/_l] Po

a+ Bg a+ N+ g

i

where I used that A = >_;mjA;. I plug this expression for 7 into (136) to obtain (137). m

Proof of Proposition 15. From (137), an equilibrium is a r > p solution to I'(r) = 0

M) =Y, [[a%&ﬁfgiﬂﬁ?ﬁjﬁ;ﬂ] P <a9 + i(gr - p)) (1 . y) |

J

where

where
78 5[04(1—77)_|_r] Y %
kj = {r[r—(l—g)nga(l_n)]AJ}
and _
A.:[r_(1_5)(T_p)/9+&(1—n)]Aj+)\A
T A=) - )0+ al—n) A
Since 6 > 1, [ ( )] ( |
T_(l_ﬁ)( 4 ): 0 >0

for all » > p. Hence, the function I' is continuous for all » > p. Using that

(R A+ O] o

S Y RS VR oy N R A

r—-+00
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it follows that I'(+00) = —oo. Hence, for an equilibrium to exists it suffices that I'(p) > 0,

ie.,
B OéA]‘i‘)\A T B 1—v
I‘(p)—%:ﬂj( Y )k] ( ” )>0
where 5
];B_(/B_A]>1_B
! p
and _
i lptal—m)]A; + A
! p+all—n)+A
[ |
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C8. Embodied technological progress

I now assume that technological progress is embodied into the new units of capital. The
output flow of a firm is A;k”. There is no aggregate productivity term that grows over time
due to technological progress. However, the new units of capital are produced with smaller
and smaller quantities of the consumption good over time. Denote ¢, this quantity which
represents the technology of the capital producer. If ¢, < 0, technology progress permits
to produce equipment or machines that are more productive for the same amount of the
consumption good. The problem of capital producers is max;>o{(px+ — ;) ¢}. Hence, in
any equilibrium with positive investment, the price of capital in the inter-broker market is
PKt = @4
The value of a firm solves

roje(k) = AR+ XY my e (k) — vj(k)]

r=1

ol = ) max vgaK) = (= ) = vgalh)] + 03u(k), (139)

for j € {1,...,J}. It can be seen from the first term on the right side of (139) that the
output flow of the firm is constant over time. Since technological progress is embodied into
the capital, a firm does not benefit from it unless it adjusts its capital stock. The third term
on the right side captures the opportunity of the firm to readjust its capital. It can be done
at the price ¢, which embodies the technological advances in producing capital goods.
Following Jovanovic and Rousseau (2002), suppose that ¢, = @K, (=% The term K,
captures the assumption of learning by doing. As the capital stock grows, capital producers
learn how to produce capital at a lower cost over time. In an equilibrium where K, grows
at rate g, /¢, = —(1 — 8)g. It follows that the expected resale value of capital from the

standpoint of a firm at time ¢ who accesses the market infrequently is

—r(T—t) _ —r(T—t) —(1-p) —(1-B)g(T—1)
E [e or) E e p (Ky) €

r+ a(loi(;)_f)(l ~Bg” (K7 (140)

The capital can be sold when the firm accesses the market at time 7. The length of time,
T —t, is exponentially distributed with mean 1/[a(1 — n)].

I now compute the cumulated output of the firm from ¢ to T'. It is equal to

T
Fj(k’):E[ / e " AL KRt (141)
t
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where z(t) € {1,...,J} is the productivity type at time ¢. It solves the following HJB
equation:
J
[r+ ol —n)] Fj(k) = AR+ A m [Fu(k) — Fy(k)].
=1
After some calculation,
rra(l-mlA M,

rFa(l—n) t A+ all—1)] (142)

F(k) =

It is a similar expression as in the main text except that it does not depend on the rate of
technological progress.

The value of the firm is the sum of its cumulated output until its next effective access
to the market, the expected resale value of the capital, and a continuation value term that

does not depend on k, i.e.,

Ajk? a(l—mn)

~(1-8) ,
r+a(l—n) +r+a(1_n>+(1_5)g¢(Kt) k+Ajg, (143)

vj(k) =

where effective productivity is equal to

i [r+a(l—mn)A;+\A
! r+a(l—n)+X

(144)

The problem of the firm who accesses the market at time ¢ is max {v;.(k) — ¢,k}. The

first-order condition is:

(ﬁ)l‘B:{H <1—6>g] BA; (145)

K, r+a(l—mn)] e+ (1-78)9]

If a(1 — 1) < 400 and g > 0, the first term on the right side is strictly greater than one,

which increases the demand for capital. Firms anticipate that the price of capital goods is
falling over time and that they will want to acquire more capital in the future. In order to
mitigate the associated holdup problem, they anticipate on their future demand and raise
their capital immediately.

The market clearing condition is as before,

J
k.
OéZﬂ'j (KLI) =a+g. (146)
=1

By substituting (k;:/K;) by its expression given by (145), it can be reexpressed as:

o (55) o2 (Bt o
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The left side of (147) corresponds to the user cost of capital, composed of the real interest rate
net of the rate of appreciation of the price of capital goods, in a frictionless economy. The
right side takes into account the effects of market frictions. The first term is the congestion
effect of new capital goods when only a flow of firms can participate in the market. The
second term is the front-loading effect when firms anticipate that their demand for capital
will grow due to the price of capital falling over time at rate (1 — 5)g. The last two terms
correspond to the equilibrium user cost of capital in a frictionless economy where A; has

been replaced with Aj. Finally, by the Euler equation of the household,

_rp

Thus, (147) determines the equilibrium real interest rate.
I now show that r can be larger than its value in a frictionless economy. From (147), in

the absence of market frictions, (1 — n) — +00, 7 solves

J 1-p
0+ =Alr=(1=Bp _ 8 (5~
()

6

Consider next the economy with market frictions. Suppose n = 1, dealers have all the

bargaining power, and take the limit as & — +o00. The real interest rate solves

r+(1-p)g= [HW} i (imﬁ)lﬁ.

v \ia

The term between squared brackets on the right side is greater than one if g > 0. Thus, if a

solution for r exists, it is greater than the frictionless value.
r (%) r(9)
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Figure 16: Real interest rate and market frictions under embodied technological progress.
Parameter values: p = 0.01,0 =2, 8 =04, A = 0.5, A, = 0.089, Ay = 0.146, 7y = 0.5,
p=1.
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C9. Alternative calibration

In the main text, I set the capital share to § = 0.4. As a result, the elasticity of output with
respect to the aggregate capital stock is 1 — 3, which generates a strong external effect. I
now consider an alternative calibration where I set 5 = 0.75. The rest of the calibration is
as in the main text. As shown in Table 3, the bargaining power of brokers is now equal to
99%.

Parameter Explanation/Target Value

p rate of time preference 0.01

0 intertemporal elasticity of substitution 2

6] capital share 0.75
(Ar, An) Dispersion of firm productivities and growth rate (0.047,0.077)
(mu,m)  Representation of US plant-level productivity as AR(1) (0.5,0.5)

A Persistence of US plant-level productivity 0.5

«Q Time to sell machinery equipment 2

n Capital reallocation 0.99

Table 3. Calibrated parameter values

Figure 17 plots the real interest rate as a function of o and 7. The results are qualitatively
similar to the ones obtained in the main text. The real interest can vary in a non-monotonic

fashion with frictions and it can be larger than its frictionless value.
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Figure 17: Real interest and market frictions: An alternative calibration

Figure 18 plots the measure, M ISy, of static misallocation as a function of market
frictions. For a given capital stock, the loss of output when the capital market is illiquid,
i.e., « is low, is sizeable. It approaches 8% as « tends to 0. Similarly, M ISy increases with
brokers’ bargaining power and reaches about 4.5% as 71 tends to one.

Finally, Figure 19 plots the welfare gain, A, from removing all market frictions. In

contrast to the results in the main text, A is always positive. Even though a low «a or a
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high n can stimulate growth, the negative effect on the allocation of capital across firms
dominates and welfare falls. The gain from removing frictions can be large. For instance, if

a is close to 0 and 7 close to 1, the welfare gain is greater than 10% of consumption.
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Figure 18: Static misallocation and market frictions: An alternative calibration
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Figure 19: Welfare and market frictions: An alternative calibration
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C10. Growth, money, and capital reallocation

In the main text, I introduced a notion of illiquidity in the market for capital goods by
assuming that it takes time to trade and reallocate capital goods across firms. An alternative
notion of liquidity is as an attribute to an asset that can serve as means of payment, such
as money. So far, we have assumed that firms faced no liquidity constraint when financing
their acquisition of new capital. They can borrow against their future income and promise
to repay their debts. We now relax this assumption and assume that in order to purchase
capital, the firm must hold liquid assets, e.g., money or government bonds. It will allow us
to revisit a classical question in macroeconomics since Tobin (1965), Sidrauski (1967), Brock
(1974), and Stockman (1981), the relationship between money (or liquidity) and economic

growth.®

Modified environment

I make the following assumptions in order to generate a role for liquidity. Stocks, private
debt, or claims on physical capital are not accepted as means of payment in the capital
market. The only accepted means of payments are government-issued liabilities, such as
money or bonds. Firms can rent liquid assets from financial institutions at the price s in a
competitive market opened continuously through time. The renting price of liquidity, s > 0,
is the interest-rate spread between illiquid financial assets (i.e., stocks held by firms) and
liquid assets, which represents the cost incurred by financial institutions to hold liquid assets
in order to rent them. For instance, if the liquid asset takes the form of money and the
inflation rate is m > —r, then s = r+ . If the liquid asset takes the form of real government
bonds that pays a real interest rate 79, then s = r — r9. Firms can adjust their holdings of
liquid assets in-between meetings with brokers, but liquidity cannot be adjusted instantly at
the time of the meetings. Hence, liquidity must be held prior to the meetings.

I generalize the description of firms’ idiosyncratic productivity shocks as follows. As
before, the most productive firms have a productivity equal to Ay. Each firm receives
an opportunity to draw a new productivity at Poisson arrival rate \ from the distribution
G(A) = muGr(A) + 7 GL(A). The distribution Gy (A) is a step function that assigns mass
one to Ay. The distribution G'(A) is continuous with support (0, Ag). These assumptions
imply that the distribution of firms across productivities has a mass point at Ay and is

continuous otherwise. We represent the distribution of values for A in Figure 20.

35Ireland (1994) revits the relationship between money and growth in the context of an AK model where
the payment system is endogenous.
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Figure 20: Distribution of productivity shocks.

The bargaining problem

In order to simplify the bargaining problem between the firm and the intermediary, we make
the following assumption. While the acquisition of new capital, &’ — k, must be financed
with liquid assets, the payment of the intermediation fees to the brokers can be financed
with debt, i.e., the firm can commit to pay ¢ in the future at an interest rate equal to r.3

Let us start with the bargaining problem between a firm with capital, k, real money
balances, m, and productivity, A, and a broker. The terms of trade solve:

(.0) = arg | max [0k, 4) = (K =k) =0 —v(k A 6" (148)

The novelty is that the acquisition of new capital, k' — k, must be financed with liquid assets,
k' —k < m. The value function of the firm does not depend on m which is a control variable
that can be adjusted instantly at any point in time. By assumption, the payment of ¢ is
not subject to a liquidity constraint and can be financed with debt. The outcome of the

negotiation is

K € arg max [v(k,A)— (K —k)—v(k, A) (149)
k' €0.k+m)]
¢ = n max [v(k,A)— (K —k)—v(k, A). (150)
K €[0,k+m)]

From (149) the choice of capital is the one the firm would make if it had direct access to the
capital market. As before, from (150), the intermediation fee represents a fraction n of the
gains from trade. It is as if the firm evolves in an economy where brokers have no bargaining

power but the contact rate with the market is a(1 — 7).

36See Lagos and Zhang (2020) for a similar assumption.
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Firm valuations and Tobin’s ¢

The lifetime expected profits of firms are determined by the following HJB equation:

ro(k,A) = max {—Sm + Ak + )\/ [v(k,z) —v(k, A)] dG(x)

[O7AH]

+a(l—n) max [v(k,A)— (K —k)—v(k, A)]} : (151)

k' €[0,k+m]
where m denote the choice of liquid assets. The first term on the right side is the cost of
renting liquid assets, sm. The acquisition of new capital, &' — k, is bounded above by the
firm’s holdings of liquid asset, i.e., ¥ — k < m. The second term corresponds to the arrival
of productivity shocks drawn from the distribution GG. The last term describes the arrival of
a meeting with a broker.
I guess that v(k, A) = qak. The value functions in (151) can be rewritten as:
raak = Ak 4\ / (g — q1) kdG() + Ok, A), (152)
[0,AH]
where the last term represents the problem of the firm,
Qk, A) = jmax {=sm+a(l—n)(ga—1) (K —k)}. (153)
The firm chooses its holdings of liquid assets and its future capital in order to maximize the
value of its investment net of the renting cost of liquidity. If g4 > 1, then ¥’ = k + m and
there is a positive and bounded solution for m if —s + (1 — ) (g4 —1) = 0. Assuming
¢4 is increasing in A, in any monetary equilibrium this equality must hold for the highest
productivity, A = Ay. If we denote gy the value of g4 evaluated at A = Ay,
s
qH—l—I——a(l_n). (154)
The Tobin’s ¢ of the most productive firms is greater than one in order to compensate for
the holding cost of liquid assets that is necessary to finance the acquisition of capital. Note
the magnitude of the effect of s on qg, dqu/ds = [a(1 —n)]”" depends on the search and
bargaining frictions in the market. The effect is stronger if the market is more illiquid, « is

low, and if brokers’ bargaining power is high, 7 is close to one. Assuming (154) holds,
Q(k, A) = a1 =) (1 = qa) kg, <1y

So, Q(k, A) is proportional to k and from (152) the conjecture v(k, A) = qak is verified.
We divide both sides of (152) to obtain:

rqa = A+ Mg (qu — qa) + Ap / (o — qa) dGr(x) + (1 —n) (1 — qa) Itgu<1y-  (155)
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The last term on the right side of (155) captures the gain when firms liquidate their capital.

The following Lemma gives a closed-form solution for ¢4.

Lemma 12 (Tobin’s ¢ and liquidity.) The Tobin’s q of a firm with productivity A is

given by
T+ A S AH — A
=1+ — , 156
1A r+A+a(l =n)lacpy [l —n) T+ A (156)
where B, the productivity level such that qg = 1, solves
Ay — B
° A (157)

al—n) T+
Proof of Lemma 12. Let B the value of productivity such that gz = 1. From (155),
an 1

0A  r+A+al — m)lia<ny

So, the value function is piecewise linear with a kink at A = B. By integrating dq4/0A over
the intervals (A, Ay) and (A, B), we obtain:

Ag—A
qu — r+A (B7 AH)
qa = _ VA € { 158

{ 4B — r+>\§aé—n) (07 B) ( )

Using that ¢z = 1 and gy = 1 + s/a(1 — n), it follows from (158) that B is determined by
(157). From (158) and (157), the expression for the Tobin’s ¢ can be written more compactly
as (156). m

For all A < B, firms liquidate their capital whenever they access a broker whereas for all
A > B, they hoard their capital. For given r, the productivity threshold above which firms
hoard their capital, B, increases with s. From (156), the passthrough from the liquidity
spread, s, to the Tobin’s ¢ increases with the productivity level. Note that r is endogenous

and will also depend on s.

Equilibrium real interest rate

We close the description of the equilibrium with the determination of the real interest rate.
In the case of A = Ay, the HIB equation (155) simplifies to

ra = Au 4+ At / (4o — 41) dG.(2). (159)

By plugging gy given by (154) into (159), the real interest rate is determined by

r(l+ﬁ):AH—/\ﬂL/OB< A= At s )dGL(A) (160)

r+A+a(l—mn)
Ap .
A7 / Au AdGL(A).

B r+ A
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An equilibrium is a pair, (r, B), solution to (157)-(160). When liquidity is costless, s = 0,
B = Ay and r solves

Apg

ATL GL(A)dA.

r+A+a(l—n) J,

r= AH —
It corresponds to (24) when G, is a step function.

Proposition 16 (The cost of liquidity and economic growth.) As s increases, the

rate of return of capital and the growth rate of the economy decreases.

In order to illustrate this result, we return to the case of two productivity levels by
assuming that G, is a Dirac measure assigning mass one to Ay € (0, Ag). We obtain the

following Corollary.

Corollary 3 Suppose G1(A) ={a>a,}. There is a unique balanced-growth-path equilibrium
and it 1s such that as s increases, v and g decrease while q;, and qp increase. Moreover, there

is a pair, (So,7r0) € RY > 0, solution to

To (T0+>\) = (T0+)\7TL) AL+)\7THAH (161)
O‘(l — 77)(‘11‘1 - AL)

162

S0 To )\ ) ( 6 )

such that the following is true:

1. For all s < sg, the equilibrium features qp < 1, i.e., low-productivity firms liquidate
their capital when given the opportunity. The share of the aggregate capital stock held

by low-productivity firms is
~ AT L

kp = ——.
P gtrat A

2. For all s > sg, the equilibrium features q; > 1, i.e., low-productivity firms hold onto

their capital. The share of the aggregate capital stock held by low-productivity firms is

)\7TL
g+ A

b -

Proof of Corollary 3. From (160), the real interest rate, r, is the solution to:

S /\WL(AH—AL+S) . N
1+—" | = Ay— fr< 163
T[ +Oé(1—n)} T A+ a(l—n) e (163)
- AH_ML(fi;AL) if > 7, (164)
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where, from (157),

a(l—n) (Ay — Ar)
s

First, we establish that there is a unique s, denoted sg, such that » = 7. We denote 1o = 7(s0).

The pair, (sg, 7o), solves (164) and (165), i.e.,

T

— A\ (165)

So . )\WL(AH - AL)
" [”au—n)} - A o+ A
- ol —n) (Ay — Ar) |
S0

They can be rearranged to correspond to (161)-(162).

Next, we establish that there is a unique 7 solution to (163)-(164). Denote 7 the solution
to (163) and 75 the solution to (164). Both solutions are unique and belong to the interval
(0, Ag). Moreover, both solutions are decreasing functions of s. For all r < 7,

M (A — A +5)  Mr(Ay — Ay)
r+A+al—n) T+ A '
It follows that if r; < 7, then 7o < 7 and hence ry cannot be a solution to (163)-(164).

Conversely, if 7o > 7, then 7, > 7 and hence 7, cannot be the solution (163)-(164).
If s < sg, the dynamics of the capital held by high-productivity firms is given by (16).

The Tobin’s ¢ for low-productivity firms solves

rqL = AL+ Mg (qu —qr) +a(1 —n) (1 —qr).

Solving for ¢, and substituting qy by its expression:
_Ap+ Mg +a(l — 1)
i r+ Mg +a(l—n)

As s increases, qp increases and r decreases. Hence, ¢, increases.

If s > sg, the capital stocks in high- and low-productivity firms evolve according to:

KH = )\WHKL—)\WLKH—FK (166)
KL = /\WLKH—/\WHKL. (167)

According to (166), the stock of capital held by high productivity firms increases with the
flow flow of low-productivity firms that receive a high productivity shock, it decreases with
the flow of high-productivity firms that receive a low productivity shock, and it increases with
the flow of new capital goods entering the market. Using that Ky /Ky = K /Kp = K /K,

it follows that the capital share are equal to:

~ . KH )\’/TH"‘Q
kH = —

K Atg
~ KL )\7TL
kL = — = .

K g+ A



The Tobin’s ¢ for low-productivity firms solves

rqr = Ap + Mty (qu — qr) -

Solving for ¢;, and substituting gy by its expression:

 Ap+ AMaqn
v
As s increases, gy increases and r decreases. Hence, q;, increases. m

If the cost of holding liquidity, s, is smaller than some threshold, sy, then ¢ is less
than one so that low-productivity firms liquidate their capital when they access the capital
market. As s increases, the rate of return of capital decreases and hence the growth rate
of the economy decreases. Moreover, the Tobin’s ¢s, gy and ¢, increase. The distribution
of capital across productivity types is the same as the one in the economy without liquidity
constraints. The cost of liquidity only affects the misallocation of capital, I%L, through g,
i.e., a larger share of the capital is misallocated as s increases because the rate at which new
capital is formed slows down.

If s is larger than sy, then the equilibrium is such that ¢; > 1, in which case low-
productivity firms choose not to liquidate their capital. The fact that low-productivity firms
hoard their capital raises the misallocation of capital relative to an economy with a low cost
of liquidity.

From (162) the threshold sy decreases with 7). So, as brokers’ bargaining power increases,
the economy is more likely to be in the economy where low-productivity firms hoard capital
instead of selling it. As a result, in the presence of liquidity constraints, n affects both the

rate at which capital is accumulated and its distribution across firms.
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